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Preface

When measuring performance reliability, statistical analysis for probabilistic nature
of performance uncertainty is relied on as part of the long-range assessment of
reliability. Some of the most widely used measures for performance reliability
are mean and variance which attempt to summarize the underlying performance
variations. However, other aspects of performance distributions, which do not
appear in most of the existing progress, are skewness, flatness, etc. Recent de-
velopments connecting statistics with decision optimization have shown that some
performance with negative skewness appears riskier than performance with positive
skewness, when expectation and variance are held constant. If skewness does,
indeed, play an essential role in determining the perception of risks, then the
range of applicability of the present theory for stochastic control and decision
analysis should be restricted, e.g., to symmetric or equally skewed performance
measures.

Using these findings as a point of departure, one of the goals of writing this
monograph is exactly to take risk preferences of the feedback control designer
and/or the decision maker into account. Unlike other books that cover the state of
the art in stochastic control theory, this monograph cuts across control engineering
(control feedback and decision optimization) and statistics (post-design perfor-
mance analysis) with a common theme: reliability increase seen from the responsive
angle of incorporating and engineering multilevel performance robustness beyond
the long-run average performance into control feedback design and decision making
and complex dynamic systems from the start. The basic approach is to effectively
integrate performance-information analysis into risk-averse feedback control selec-
tion for performance robustness and reliability requirements so that (1) intrinsic
performance variations caused by process noise stochasticity from exogenous
disturbances and uncertain environments are addressed concurrently with other
high performance demands and (2) trade-off analysis on performance risks and
values directly evaluates the impact of reliability as well as other performance
requirements. Hence, via higher-order performance-measure statistics and adaptive
decision making, it is anticipated that future performance variations will lose the
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viii Preface

element of surprise due to the inherent property of self-enforcing and risk-averse
decision solutions, which are highly capable of reshaping the cumulative probability
distribution of closed-loop performance.

Given the aforementioned background, this monograph provides a complete
description of statistical optimal control (also known as cost-cumulant control)
theory. In this viewpoint, this theory unifies decisions with risk consequences and
feedback control designs for a class of stochastic linear dynamical systems with
performance appraisals of finite-horizon integral-quadratic-form random costs. In
writing up different control problems and topics, emphasis is primarily placed on
major developments attained, thus and then explicit connections between mathe-
matical statistics of performance appraisals and decision and control optimization
with performance risk aversion are made for: the stochastic linear system dynamics
subjected to either general, closely supervised, servo, or model-following tracking
criteria; the focus of perfect state-feedback measurements and corrupted output-
feedback observations; exemplification of closed-loop system trajectory sensitivity
with respect to constant parameters as well. Each chapter is supplemented by an
extended bibliography and indexes.

Throughout the monograph, the methodology taken herein is composed of five
steps: (1) problem descriptions in which basic assumptions related to the state-space
models are discussed; (2) mathematical statistics for performance robustness whose
backward differential equations are characterized by making use of both compact-
ness from logics of state-space models and quantitativity from a-priori knowledge of
probabilistic processes, (3) statements of statistical optimal control which provide
complete problem formulations composed of unique notations, terminologies,
definitions, and theorems; (4) existence of control solutions whereby information
about accuracy of estimates for higher-order characteristics of performance-measure
uncertainty is incorporated into risk-averse decision strategies; and (5) chapter
summaries which are given to shed some lights on the relevance of the developed
results.

It is planned while organizing the materials that this monograph would be
appropriate for use either as graduate-level lectures in applied mathematics and
electrical engineering with systems-theoretic concentration, a good volume for
elective study or a reference for interested readers, researchers, and graduate
students who are interested in theoretical constructs and design principles for
stochastic controlled systems to include the requirements of performance reliability
and decision making with risk consequences and emerging effects within certain
stochastic environments to determine the understanding of performance variations,
risk-averse attitudes, and the course correction required for realistic situations.

Finally, the present work is originated from the early research, i.e., the cost-
cumulant control which owes its existence, primarily, to the influence of Prof.
Stanley R. Liberty and Prof. Michael K. Sain with whom the author had the
pleasure of collaboration during the graduate studies at University of Nebraska
and University of Notre Dame. Indeed, this monograph is an outgrowth of my
academic research activities over the past few years after joining the Air Force
Research Laboratory-Space Vehicles Directorate. In this regard, the highly stim-
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ulated research environment at the Spacecraft Components Technology branch is
gratefully acknowledged. Next I am deeply appreciative of the Air Force Office
of Scientific Research for funding support in parts of this work through laboratory
research initiative requests. Last but not least, no amount of thanks would suffice
for the cheerful and encouraging support I have received from my wife, Huong, and
children, An and Duc, on the domestic front where I am allowed to use my spare
time for writing this monograph.
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Chapter 1
Introduction

Abstract In introducing the idea of early risk planning, Sain [1] suggested that
understanding the dynamics of performance cost in a stochastic control problem re-
quires the establishment of risk-monitoring metrics. These metrics, including but not
limited to the cumulants of such cost functions, allow measurement and evaluation
of the status of risk-handling options and system performance. In addition, Stanley
R. Liberty was the first person to ever calculate and display performance-measure
probability densities as published with Michael K. Sain in the research article titled,
“Performance-Measure Densities for a Class of linear-quadratic Gaussian (LQG)
Control Systems,” which appeared in Sain and Liberty [2]. These ideas became the
originating node for the author’s research investigation on linear-quadratic controls
in risk-averse decision making, a theme which will be evident enough in this
monograph.

1.1 Risk Assessment and Management

For the purposes of this introduction, it is sufficient to note that the influence of
this monograph is present both in risk assessment and risk management pertaining
to system analysis and control synthesis, whereby optimal control of a random
process naturally raises the question of the cost functional as a random variable. The
former perspective emphasizes the dual role of identification and transformation
of performance uncertainty into quantified risk such as cost cumulants that are
based upon the series expansion of the logarithm of the cost characteristic function.
The latter perspective focuses on the aspect of risk handling and concentrates
on the feedback control mechanism of shaping of a probability density function
of the random cost variable that is therefore responsible for increasing performance
robustness and reliability. Elsewhere on the existing publications, it is possible
to sample the way that the subject research by the author looks in real-world
applications, such as seismic protection of buildings and bridges from earthquakes,

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 1
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2 1 Linear-Quadratic Controls in Risk-Averse Decision Making

winds, and seas, by means of the IEEE and ASME conference proceedings,
Journal of Optimization Theory and Applications, and chapters in Birkhauser and
Springer books.

1.2 Monograph Ideas and Contributions

During the past several decades, there have been real-world applications for which
the associated control design problems and post-design performance analyses
cannot be solved by using one-shot approaches. In this regard, the main value of
this monograph rests in the diversity of efforts to derive some of the consequences
of what makes performance-measure statistics meaningful and relevant risk-averse
feedback control strategies of analysis: the interdependence of performance uncer-
tainty quantification and feedback controls and decisions with risk-averse attitudes.
Over the years, such approaches have been dynamically evolved into a body of
“statistical optimal control theories”. This monograph is written about the wide
spectrum of statistical optimal control theories. In brief, the main contributions
of the monograph are the following: (1) it provides a general framework to
identify and transform performance-measure uncertainty associated with various
classes of linear-quadratic stochastic systems into mathematical statistics for post-
design analysis; (2) it addresses several issues like the benefits of feedback and
performance-measure statistics in multi-input/multi-output dynamical systems, risk-
value aware performance criteria, and risk-averse decision making; (3) it presents
the key concept of performance-measure statistics with its proofs followed by
efficient computational methods; and (4) it establishes risk-averse feedback control
techniques.

1.3 Methodology

Throughout the monograph, the methodology in each chapter/section is composed
of five steps:

* Mathematical modeling in which basic assumptions related to the state-space
models are considered.

* Mathematical statistics for performance robustness whose backward differential
equations are characterized by making use of both compactness from logics of
state-space models and quantitativity from a priori knowledge of probabilistic
processes.

» Statements of statistical optimal control which provide complete problem formu-
lations composed of unique notations, terminologies, definitions, and theorems
to pave the way for subsequent analysis.



1.4 Chapter Organization 3

» Existence of control solutions whereby information about accuracy of estimates
for higher-order characteristics of performance-measure uncertainty is incorpo-
rated into risk-averse decision strategies. The results are provided most of the
time in the form of theorems, lemmas, and corollaries.

e Chapter Summaries which are given to shed some light of the relevance of the
developed results.

For convenience, the relevant references are offered at the end of each chapter for
the purpose of stimulating the reader. It is hoped that this way of articulating the
information will attract the attention of a wide spectrum of readership.

1.4 Chapter Organization

As will be seen in the monograph, the shape and functional form of a utility
function tell a great deal about the basic attitudes of control designers toward the
uncertain outcomes or performance risks. Of particular, the new utility function
or the so-called the risk-value aware performance index, which is being proposed
herein as a linear manifold defined by a finite number of centralized moments
associated with a random quadratic cost functional will provide a convenient
allocation representation of apportioning performance robustness and reliability
requirements into the multi-attribute requirement of qualitative characteristics of
expected performance and performance risks. The literature grew progressively, and
quite a number of fundamental concepts and powerful tools have been developed
when a measure of uncertainty such as the average and variance values of the
subject performance measure was used. Despite the existing progress so far, many
investigations have indicated that any evaluation scheme based on just the first two
statistics of performance measure would necessarily imply indifference between
some courses of action; therefore, no criterion based solely on the first two attributes
of means and variance correctly represents their preferences. This long-standing
technical challenge provided the motivation to write this current monograph. This
monograph presents theoretical explorations on several fundamental problems for
stochastic linear-quadratic systems.

This monograph is primarily intended for researchers and engineers in the
systems and control community. It can also serve as complementary reading for
linear system theory at the postgraduate level. After the first introductory chapter,
the core material of the monograph is organized as follows.

Chapter 2 tackles an optimal control problem for a class of tracking systems. The
control objective is to minimize a finite, linear combination of cumulants of integral
quadratic cost over linear, memoryless, full-state-feedback control laws. Perhaps
the implication of the feasibility of the solution to the statistical optimal control is
supported by a set of coupled Riccati-type differential equations. And the conditions
on the existence of solutions are also derived.
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Borrowing from the research on linear-quadratic tracking in Chap. 2, the central
problem of this view in Chap. 3 is interpreted as the problem of simultaneously track
reference trajectory and command input in accordance of the so-called risk-averse
performance index. In the synthesis of statistical optimal controllers, the possibility
of translating risk-averse attitudes into performance reliability typically involves
some combination of accurate prediction of the effects of chi-squared randomness
on performance distribution of the optimal tracking and the corresponding feedback
control synthesis.

The problem addressed in Chap. 4 is the linear-quadratic class of servo systems.
The notion of risk-averse feedback control will be defined and discussed in detail
later; however, for the time being, a control is said to be risk aversive if it
continues to provide performance reliability against all the sample realizations of
the stochastic process noises and regulation under perturbation of reference model
and the system outputs.

In the most general terms, Chaps.5 and 6 identify and explore theoretical
narratives of risk-averse control for a linear-quadratic class of model-following
control systems. The basic idea is based on the fact that performance information
with higher-order performance-measure statistics can improve control decisions
for closed-loop system performance reliability, but the controller design can also
be computationally involved. Starting from the similar considerations, the theory
obtained herein is further extended to the case of model-following control systems
with incomplete state feedback in Chap. 6. It is shown that performance information
can improve control decisions with only available output measurements for system
performance reliability.

As a part of a more general tendency in the study of statistical optimal control
theory, Chap. 7 investigates the problem of controlling stochastic linear systems with
quadratic criterion which includes sensitivity variables. An optimal risk-averse con-
trol strategy with low sensitivity has been achieved by the cascade of mathematical
statistics of performance uncertainty and a linear feedback. Furthermore, necessary
and sufficient conditions for the optimal solution are given as set of nonlinear
matrix equations. Despite obvious differences in the unit of analysis, the results are
extended to the case when only noisy measurements are available in Chap. 8, where
an optimal risk-averse control strategy with low sensitivity and subject to noisy
feedback measurements is investigated. It is shown that the certainty equivalence
principle still holds for this statistical optimal control problem.

Finally, Chap.9 contains a precise summary with which one might reflect two
striking perspectives; e.g., (1) the acquisition and utilization of insights, regarding
whether the control designers are risk averse or risk prone and thus restrictions on
the utility functions implied by these attitudes, to adapt feedback control strategies
to meet austere environments and (2) best courses of action to ensure performance
robustness and reliability, provided that the control designers be subscribed to
certain attitudes that all the chapters in this monograph share and contribute
defining.



References 5

References

1. Sain, M.K.: Control of linear systems according to the minimal variance criterion-a new
approach to the disturbance problem. IEEE Trans. Automat. Contr. 11, 118-122 (1966)

2. Sain, M.K., Liberty, S.R.: Performance measure densities for a class of LQG control systems.
IEEE Trans. Automat. Contr. 16, 431-439 (1971)



Chapter 2
Risk-Averse Control of Linear-Quadratic
Tracking Problems

Abstract The topic of risk-averse control is currently receiving substantial research
from the theoretical community oriented toward stochastic control theory. For
instance, this present chapter extends the application of risk-averse controller
design to control a wide class of linear-quadratic tracking systems where output
measurements of a tracker follow as closely as possible a desired trajectory via
a complete statistical description of the associated integral-quadratic performance
measure. It is shown that the tracking problem can be solved in two parts: one, a
feedback control whose optimization criterion is based on a linear combination of
finite cumulant indices of an integral-quadratic performance measure associated to
a linear stochastic tracking system over a finite horizon and two, an affine control
which takes into account of dynamics mismatched between a desired trajectory and
tracker states.

2.1 Introduction

An interesting extension of the statistical optimal control [1-16] when both perfect
and noisy state measurements are available is to make a linear stochastic system
track as closely as possible a desired trajectory via a complete statistical description
of the associated finite-horizon integral-quadratic-form cost. To the best knowledge
of the author, this theoretical development appears to be the first of its kind, and
the optimal control problem being considered herein is actually quite general and
will enable control engineer not only to penalize for variations in, as well as for
the levels of, the state variables and control variables but also to characterize the
probabilistic distribution of the performance measure as needed in post controller-
design analysis. Since this problem formulation is parameterized both by the number
of cumulants and by the scalar coefficients in the linear combination, it defines a
very general linear-quadratic-Gaussian (LQG) and risk sensitive problem classes.
The special cases where only the first cost cumulant is minimized and whereas a
denumerable linear combination of cost cumulants is minimized are, of course, the

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 7
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8 2 Performance-Measure Statistics for Risk-Averse Control

well-known minimum-mean LQG problem and the risk sensitive control objective,
respectively. Some practical applications for this theoretical development can be
found in [17] where in tactical and combat situations, a vehicle with the goal-seeking
nature initially decides on an appropriate destination and then moves in an optimal
fashion toward that destination.

In the rest of this chapter, the problem and the value of performance-measure
statistics of the linear-quadratic class of tracking problems are presented in Sects. 2.2
and 2.3. The statements of deterministic optimization of Mayer type and perfor-
mance risk aversion are discussed in Sect.2.4. The risk-averse control solution
of adaptive behavior is evident in Sect. 2.5, while some conclusions are drawn in
Sect. 2.6.

2.2 The Problem

Consider a linear stochastic tracking system governed by the following controlled
diffusion process:

dx(r) = (A(1)x(r) + B(t)u(r))dt + G(t)dw(t),  x(t0) = xo, 2.1
y(t) = C(t)x(t), (2.2)

where the continuous-time coefficients A € €' ([t,7]:R"*"), B € € ([to, 1¢]; R"*™),
C € € ([to,17];R™"), and G € € ([to,1¢];R"*?). The system noise w(r) € R” is the
p-dimensional stationary Wiener process starting from #y, independent of the known
initial-value condition xo, and defined on a complete probability space (Q,.%, )
over [fo,1¢] with the correlation of independent increments

E{[W(Tl) —W(Tz)][W(Tl) —W(Tz)]T} = W|‘L'1 — ‘L'2|, W>0, Vi,n¢€ [l‘(),tf].

The feasible control input u € LZJI (2;€ ([to,¢];R™)) the subset of Hilbert space
of R™-valued square-integrable process on [fo,t¢] that are adapted to the o-field
F; generated by w(t) to the specified system model is selected so that the
resulting output y € L2 - (€2;% ([to,1¢];R")) best matches the desired output § €
Lz([to,tf];Rr).

Associated with admissible initial condition (fy,xo) and feasible control input u
is a traditional integral-quadratic form cost J : Li‘% (Q2;6 ([to,17);R™)) — RT

T(u(-)) = (0(tr) = C(tp) Qp(y(tr) — E(15))

+ [ 100 = L) QD) ({8~ L () + T (DR(Du(D)ldr - 23)

fo

in which the terminal penalty error weighting Q; € R™”, the error weighting
0 € €([to,17];R™"), and the control input weighting R € € ([tg,17]; R"*™) are
symmetric and positive semidefinite with R(z) invertible.
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In the perfect-state measurement case, the initial system state is assumed to be
known exactly, and the control input is generated by a closed-loop control policy of
interest y : [to,t7] X LG (256 ([to,17;R")) = L (2;€ ([t0,2¢];R™)), according to
the control law

u(r) = y(t,x(1)) = K(0)x(t) +1(t), (2.4)

where [ € €([to,1];R™) is an affine control signal and K € €([to,¢];R"*") is an
admissible feedback gain in a sense to be specified in later sections as appropriate.

Henceforth, for the given initial condition (9, x0) € [to,¢] X R" and subject to the
control policy (2.4), the dynamics of the tracking problem are governed by

dx(r) = [A(1) + B(t)K (1)]x(r)ds + B(1)I(1)dt + G(t)dw(t),  x(to) =x0, (2.5)
y(t) =C(1)x(t) (2.6)

and the finite-horizon integral-quadratic-form cost

JK,1)=((t7) = S (7))@ (v(t7) — C (1)) + / Y [6(0) — L (@) 0(0) (1) — £ (1)

+ (K(t)x(7) + 1(2))TR(7) (K (7)x(1) + (7))]dT. 2.7)

2.3 The Value of Performance-Measure Statistics

A rather innovative approach of coping with the uncertain cost (2.7) of the chi-
squared type is to use the mathematical statistics of the random cost (2.7) in
a responsive risk-value aware performance index as appropriately required in
statistical optimal control herein and convert the output tracking problem subject
to control decisions with risk consequences into a deterministic controller design
problem and then solve it. The following development characterizes how the
mathematical statistics of the random cost (2.7) are formulated. In particular, the
initial condition (79, xo) is replaced by any arbitrary pair (7,x;). Then, for the given
affine input / and admissible feedback gain K, the cost functional (2.7) is seen
as the “cost-to-go,” J (7,x¢). The moment-generating function of the vector-valued
random process (2.5) is given by the definition

¢ (7,x7:0) 2 E {exp(0J (7,x7))}, (2.8)

where the scalar 8 € R" is a small parameter. Thus, the cumulant-generating
function immediately follows

v (7,x:0) £In{@(7,x::0)} (2.9)

in which In{-} denotes the natural logarithmic transformation of an enclosed entity.
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Theorem 2.3.1. Let ¢ (7,x7;0) = p(7,0)exp{xLY(7,0)x;+2xIn(7,0)} and
further let v(1,0) £ In{p (t,0)}, for all T € [to,ty] and 6 € RT. Then, the
cumulant-generating function is given by

v (1,x:0) =xIY(1,0)x; 4+ 2xIn(1,0) +v(1,0) (2.10)
whereby the cumulant building variables Y (1,0), n(t,0) and v (t,0) solve the

backward-in-time differential equations

%T(T, 0) = —[A(t) +B(t)K(1)]"Y(1,0) — Y(7,0)[A(7) + B(T)K(7)]

—2Y(1,0)G(T)WGT (7)Y (7,8)
—0(CT(1)Q(1)C(7) + KT (1)R(7)K (1)), (2.11)

%n(fﬁ) = —[A(7) + B(0)K (7)) n(7,6) — Y'(7,0)B(1)I(1)

—6K" (1)R(7)l(7) + 6CT (1)Q(1)¢ (1), (2.12)

%0(1,9) = —Tr{Y(1,0)G(1)WG" (1)}
—2n"(7,0)B(1)I(1) - 61" (1)R(7)I(1) — 6T (1)Q(7){ (1) (2.13)

together with the terminal-value conditions Y (t7,0) = 0C” (t;)Q;Clty), 1 (t7,0) =
GCT(l‘f)QfC(l‘f) and v (tf, 9) = QCT(tf)QfC(l‘f).

Proof. For any 6 € RY given and @ (7,x;;0) = exp{6J(7,x;)}, the moment-
generating function therefore becomes ¢ (7,x7;0) = E {@ (7,x7; 0)} with the time
derivative of
d
-0 (rx::0) = —0{L[CT(DQ(RIC(1) + K (DR(DK()x:
+ 227 [KT(D)R(7)I(7) — CT(1)Q(7)¢ (7)]
+I(T)R(D)I(7) + CT(T)Q(T)C(T)}(I)(T)XT;Q)' (2.14)
Using the standard Ito’s formula, it yields

do(1,x7;0) =E{d®@ (7,x:;0)}
:E{wf (7,x2:0)dT + @, (7,7 60) dxs
+ %Tr {Bee (1.3:0)G(OW G (1)} e}
=@ (T,%7;0)dT+ @y, (T,x7;0) [(A(T) + B(T)K(7))x + B(7)l(7)]d7T

+ %Tr {@erx; (1,31:0) G (T)WGT (1)} dt
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from which, by the definition ¢ (7,x7;0) £ p (7,0) exp{xI Y'(1,0)x; +2xIn(7,0)}

and its partial derivatives

d
oy | aP (7,0 ) Td rd )

0 (T,x7;0) = p(z’,@) Y’( ,0)xr +2x; drn(r,e) 0 (7,x7;0),

O, (T,x230) = {xL [Y(7,0) + Y7 (7,0)] +2n" (7,0) } ¢ (7,x1;0),

(pxrxr( 7 1;,9) = [T( 76)+TT( 76)] (P(Taxr§6)
+[r(z,0) + Y7 (7,0)] xexl [Y(7,0) + Y7 (7,0)] ¢ (7,x::60)

leads to

d
d—Tfp(mr;O)

B {%—Te?) + 24 (1,0)G(OWG (1)7(,0)x:

+xp [d%lf’(r, 0)+(A(1)+B(1)K (1)) Y (1,0)+Y(1,0)(A(T) —|—B(’L’)K(r))} Xz
+2xT Ld (t,8)+(A ()+B(T)K(T))TTI(T’9)+T(T79)B(7)l(7)]

+Tr{Y(1,0)G(t)WG" (1)} +2n" (1, 9)B(r)l(r)}<p (1,x7:0) . (2.15)

By applying the result (2.14) to this finding (2.15) and having both linear and
quadratic terms independent of the arbitrary xz, it requires that

d%_T(r, 0) = —[A(t) +B(7)K(1)]"Y(1,0) — Y(1,0)[A(7) + B(T)K(7)]
—2Y(1,0)G(T)WGT (1)Y(7,6)

—6C" (1)0(7)C(1) — 6K (T)R(T)K (1),

d%n(f 0) = —[A(7) + B(0)K(1)]"'n(7,6) — Y(7.6)B()!(7)
— K" (1)R(1)I(7) +6CT (1)Q(7) (1),

v(1,0) = -Tr{Y(z,0)G(1)WG" (1)} —2n"(7,0)B(1)(7)

= 01" (1)R(1)I(7) - 6T (1)Q() (7).

dr
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At the final time T = ¢, it follows that

(17, x(t7);0) = p(7,0) exp {x" (1) Y(tfve)x(tf')+2xT(t nr,6)}
= E{exp{0D(1y) — ()] Qs (ty) — e} )

which in turn yields the terminal-value conditions: Y'(t7,0) = 6CT (t,)Q/C(tf),
n(ty,0) = —0CT (1)0s L (1y), plty,0) = exp{6C" (17)QrE (1) } and v(tr,60) =
07 (11)QrE (1) D

By definition, the mathematical statistics associated with the random cost (2.7)
are now generated by the use of a Maclaurin series expansion for the cumulant-
generating function

=3

(T,x7;0 2 K, 2

in which x, are called the rth performance-measure statistics or cost cumulants.
In addition, the coefficients of the Maclaurin series expansion are computed by
using the result (2.10)

6’”

0—0 "'

v(T,x7;0)

(2.16)

r ar
-y(7,x7;0) =xl -T(7,0)] «x
90 Teny T 08 60
o L))+ o) 2.17)
P o0 99" 7 oo .

In view of the results (2.16) and (2.17), the cost cumulants for the linear-quadratic
tracking problem with performance uncertainty are then described as follows:

r

T
T 96"

r r

+ a—1)(1:,19)

K = x
o=0 90"

Y(7,0)

xT+2x

71(1,0)
=0 a6

(2.18)
6=0
for any finite 1 <7 < oo,
For notational convenience the definition that follows is essential e.g., H(t,r) 2

86’ Y(r, 9)‘ 0 , D(t,i) & 89, n(r, 6)’ » and D(t,r) £ 86’ (T, 9)‘ . Then,
the performance measure statistics assoc1ated with the 11near-quadratlc tracklng

problem considered herein exhibits a familiar pattern of quadratic affine in arbitrary
initial system state x; as will be illustrated in more detail in the next result.

Theorem 2.3.2 (Performance-Measure Statistics). The linear system dynamics
governed by Egs. (2.5)—(2.6) attempt to track the prescribed signal {(t) with the
chi-squared random cost (2.7). The kth performance-measure statistic considered
for performance risk aversion is given by

Ky —XOH(Z‘(),/{)XO +2x0 (l‘o,k) +D(l‘0,k), keZ* (2.19)
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in which the building variables {H (t,r)}*_,, {D(t,r)}*_, and {D(z,r)}*_, evalu-
ated at T = tg satisfy the time-backward differential equations (with the dependence
of H(t,r), D(t,r) and D(7,r) upon the addmisbile | and K suppressed)

d%_H(r, 1) = —[A(2) + B(O)K(2)]” H(z,1) = H(z, 1) [A(%) + B(D)K(7)]
— T (1)0(1)C(1) — KT (1)R(7)K(7), (2.20)

S H(tr) = ~[A(R) + BEK(] H(z,r) — H(z, ) [A(T) + BOK (1)

_rzlﬁfl(r,sm(r)w&(r)mr,r—s>, rz2 @20

%D(r, 1) = —[A() + B()K (2)] D(z, 1) — H(z, )B(2)i(7)

— K" (DR(D)I(7) +CT(1)Q(7)¢ (1), (2.22)
%D(T,r) = —[A(T)+B(D)K (D)) D(t,r) —H(t,r)B(D)I(T), r>2 (2.23)

and

%D(z’, 1)=-Tr{H(1,1)G(t)WG" (1)} —2D" (1,1)B(7)I(7)

~IT(DRE@)I(T) - LT (1)) (2), (2.24)

C%D(r,r) = —Tr{H(1,r)G(r)WG" (1)} —2D" (7,r)B(7)I(7),2 < r <k, (2.25)

where the terminal-value conditions H(ts,1) = CT (t)QsC(ts), H(ty,r) = 0 for
2<r<k D(ty,1) = —CT(t;)QrC(ts), D(ty,r) =0 for 2 <r <k and D(ty,1) =
CT(l‘f)QfC(l‘f), D(tf,r) =0for2<r<k

Proof. Notice that the time-backward differential equations (2.20), (2.22) and (2.24)
satisfied by H(7,1), D(t,1), and D(t,1) can be obtained by taking the derivative
with respect to 6 of the backward-in-time differential equations (2.11)—(2.13)

s {5er 0} = - @ +BEKE] pr(m0)

~ ;_GT(T, 0) A7)+ B(T)K (1)]
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-2 { aae Y(t e)} G(t)WGT (7)Y (1,0)

whereby the terminal-value conditions ;—GY’(tf, 0) = CT(t7)QC(1y), aa—en (t7,0) =
—CT(t7)0sC(ty) and %v(tf, 0) = ¢T(t7)QsC(ty). On the other hand, it is impor-
tant to see that when 6 = 0 the differential equation (2.11) becomes

2 1(2,0) =~ [A() + BOK(D)] T (2,0) - Y(5,0) A(z) + BD)K (1)
—2Y(7,0)G(1)WG" (7)Y (7,0), Y(t4,0)=0.

Broadly defined, the closed-loop matrix A(7) + B(7)K(7) is assumed stable for all
T € [to,t¢]; it is therefore deduced that 1°(7,0) = 0. smg this result together with

the definitions of H(7,1) = EY(T,G) ,D(‘L’,l) n(‘c,@)‘e_o and D(1,1) =

%U(T, 0) 0—0’ the first performance-measure statistic is found as follows:
=0

K1 :xgH(l‘o, 1)x0—|—2x0 (l‘o, 1) +D(l‘o, 1),

whereby the solutions H(7,1), D(7,1) and D(t,1) satisfy the backward-in-time
differential equations

d%_H(r, 1) = —[A(2) + B()K(2)]” H(z,1) = H(z, 1) [A(%) + B(D)K(7)]

—CN(1)Q(7)C(7) — KT (DR(T)K (1),
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—D(1,1) = — [A(7) + B(1)K(7)]" D(z,1) — H(z,1)B(7)I(7)
— K" (1)R(7)I(7) +CT (1) Q(7){ (),

ddTD(r 1)=-Tr{H(1,1)G(t)WG" (1)} —2D" (1,1)B(7)I(7)
~ 1N (1)R(7)i(7) - {7 (1)Q(7)¢(7)

subject to the terminal values H (t7, 1) = CT (t;)QClty), D(t7,1) = —CT (t) Q& (ty)
and D(17,1) = CT(fj)QfC(tf)

Similarly, taklng —z of the time-backward differential equations (2.11)—(2.13)
yield the correspondlng differential equations

2 2
d% {%r(r,e)} = —[A(1) +B(1)K (1)) aaez Y(7,0)

32
— 5z T(1.0)[A() + B(D)K(2)]
32
862
d
—4%1’(

Y(7,0)G(1)WG! ()Y (7,0)

% 0)G(OWG (1) 2 1(1,0)
82

—2Y(1,0)G(1)WG (1 0)5g2

r(z,6),

2 2 2
%{%n(f,e)}__[A(T)JFB(T)K(T)]T%T](T,G) aaez Y'(7,0)B(1)I(2),

2 2 )
_{%““ ")} Tr{aaezm 6)G(WG' (¢ >}—2%nf<r,e>3<r>z<r>,

2 2
Y (t7,0) =0, 25n(tf,6) =0, and ;ezu(tf, 6)=0.

A
b HED & o)

2
B(r,2) 2 Lon(s, 9)‘ L DE2) 2 S 9)‘ ., and T(7,6)[g_ = 0into the
above equations, the second order performance-measure statistics is now given by

whereby the terminal values 8892

Having replaced H(t,1) £ %Y’(T,G}’

Ky = xgH(to, 2))60 + 2)C0 (l‘o, 2) + D(l‘()7 2)
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in which the solutions H(7,2), D(t,2), and D(,2) evaluated at T = # are solving
the time-backward differential differential equations

S H(2,2) =~ [A(T) + BOK (D))" H(1,2) ~ H(z,2) A2) + BOK (D)

—4H(t,1)G(1)WG" (t)H(t,1), H(t7,2) =0,

%E(T,Z) — A(0) +BOK (1)) D(e.2) — H(1,2)B(D)I(7), Dlis,2) =0,

diTD(r,z) T {H(z,2)G(OWG (7)) —2D7 (1,2)B(2)i(1), D(17,2) = 0.

In general, having seen the basic procedure of generating the first two statistics
of Eq. (2.7), the rth statistic associated with Eq. (2.7) is obtained by taking r-
time derivatives of the backward-in-time differential equations (2.11)—(2.13) with
respect to 0

K, = xb H(to, r)xo + 2x3 D(to, ) + D(19, )

wherein H(t,r), D(t,r) and D(7,r) evaluated at T = 1o are the solutions of the
time-backward differential equations

S H () =~ [A() + BOK @) H(z.r) ~ H(z.0) [A(T) + B(D)K(7)

-t r!
-3 GO (DA (e —s). H(.r) 0.

D(t,r) = —[A(t) + B(1)K(2))" D(t,r) — H(t,r)B(t)I(1), D(17,r) =0,

d—TD(r, r)=—Tr{H(t,r)G(t)WG" (1)} —2D" (1,r)B(7)l(1), D(ts,r) =0.

2.4 Statements of Mayer Problem with Performance
Risk Aversion

Rigorously speaking, risk-value aware performance appraisal which is a multi-
objective criterion of performance-measure statistics of the random cost (2.7) by
risk-averse control designers has both forward-and backward-looking aspects in
terms of time. It is forward looking in the sense that risk-value aware performance
appraisal provides information for possible direct intervention, screening of risk-
averse attitudes, and revision of control as corrective actions for performance
risk aversion. On the other hand, risk-value performance appraisal is backward
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looking because the existence of risk-value aware performance appraisal ex post
facto in many instances affects the controller’s behavior which has produced the
past performance that risk-averse control designers try to appraise. In this sense,
performance-measure statistics affect the controller’s behavior by influencing the
consequences of its actions in terms of implicit or explicit performance values and
risks.

As have been emphasized all along, the basic reason why it is important to
consider risk-averse control behavior is the presence of performance uncertainty.
Therefore, the dynamics (2.20)—(2.25) of performance-measure statistics (2.19)
are the focus of attention. In preparing for the statements of statistical optimal
control problem with tracking applications herein problem, let the k-tuple state
variables 7, 9 and 2 be defined as follows: () 2 (JA(-),...,74()), D(-) &
(21(),....%(-)) and 2(-) 2 (Z1("),...,Z()) whereby each element % €
€ ([to, t7]; R of A, D € €' ([to,17;R") of Z and 2, € € (to,17];R) of 2
has the representations

%('):H('vr)a -@r('):D('vr)a -@r('):D('vr)

with the right members satisfying the dynamic equations (2.20)—(2.25) on the finite
horizon [to,t7]. The problem formulation can be considerably simplified if the
bounded and Lipschitz continuous mappings are introduced

By lto,17] x (RPMYE s Ry RN,
G+ [t 1] X (R™M)* x (R")* x R™" 5 R 1 R”,
G, : [to,17] x (R x (R"E x R™ = R
where the actions are given by
F1(1,,K) = — [A(7) + B(1)K (1)]" A (1) — 4 (1) [A(T) + B(T)K(7)]
—CT(1)Q(1)C(7) = K" ()R(D)K (1),
Fo (1, ,K) = —[A(1) + B(O)K(7)]" (1) — #(7) [A(7) + B(1)K (7))
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G (1,2,9,1) = —=Tr {4 (1)G(r)WG" (1)} —29{ (1)B(7)I(7)
—IT(DR(1)I(1) = LT (1)Q(1)¢ (1),
G (1, ,9,1) = —Tr {A(1)G(r)WGT ()} — 29/ (1)B(7)I(7).
Now there is no difficulty to establish the product mappings
T X X T [to, ] X (RPME s R oy (R
Gy x - x Gz [t t7] x (RME x (RME x R™M x R™ 5 (R,
G x - x Gy o, tr] x (R x (RMF x R™ s R*
along with the corresponding notations .% = %] X --- X %, G=G x-xYG,

and ¥ =¥ X --- X 94,. Thus, the dynamic equations of motion (2.20)—(2.25) can be
rewritten as

S = F A DK, Hly) = A,
290 =9 (1@, 90 K@M)=,
L0 =9 (1A @, 9010) . )=,

whereby the k-tuple terminal-value conditions 7 = (C” (t7)Q/C(t/),0,...,0),
Iy = (=C"(15)Q¢L(tf),0,...,0) and Z5 = (0,....,0).

Notice that the product system uniquely determines 7, 9, and 2 once the
admissible affine input / and feedback gain K are specified. Henceforth, they are
considered as . = . (-,K), 7 = 9(-,K,l) and 2 = (- K, ).

Next, the effects of what are considered the degrees of performance uncertainty
are in terms of performance-measure statistics beyond the expected level of perfor-
mance measure (2.7). The greater the higher-order performance-measure statistics,
the greater the degrees of performance uncertainty or performance risks. Similarly,
the degrees of uncertainty of one probability distribution of a random performance
measure are greater than another probability distribution if the linear combination
of first finite numbers of performance-measure statistics of the first distribution is
greater than that of the second distribution. The following performance appraisal
therefore addresses the concern of performance value and risk awareness:

Definition 2.4.1 (Risk-Value Aware Performance Index). Let k € Z* and the
sequence = {g, > 0}*_, with w; > 0. Then, for the admissible (f,xo), the
performance index with risk and value awareness

o8 < [t0,27] x (R™™MF x (RMF x RF s RT
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in statistical optimal control on [fy,?/] is of Mayer type and defined by

o (10,7 (10), 2(10), Z(t0)) & Wik + Kyt + ke
— Sl

Value Measure  Risk Measures
k
= z i [x(];%(l‘())xO + ng@,(to) + @r(l())} , (2.26)
r=1

where the scalar, real constants i, represent parametric design of freedom and the
unique solutions {.%(ty) > 0}* {.@,(to)}le and {2, (19) }*_, evaluated at T = 1o

r=1° r=1
satisfy the dynamical equations
LA =P @A) KE), A=A
d . S o 9 N
770 =9 (2. 2(1),2(0).K(1),1(%)) . P(iy) = Ty,
d

—9(1) =9 (1.£(1),2(1),1(1)) ., D(ty) = Dy.

For the given terminal data (t7,.%#7, P, 7y), the classes of admissible affine inputs
and feedback gains that can be adjusted optimally to cope with the increased
uncertainty of Eq. (2.7)are defined as follows.

Definition 2.4.2 (Admissible Affine Inputs and Feedback Gains). Let compact
subsets L C R™ and K C R™ " be the sets of allowable affine inputs and gain
values. For the given k € Z" and the sequence p = {1, > 0}*_, with u; > 0, the
set of admissible affine inputs .,2”% Hr Gy T and feedback gains %/ R are
respectively assumed to be the classes of ¢([to,#¢];R”) and € ([to,t¢]; R™*") with
values I(-) € L and K(-) € K for which the solutions to the dynamic equations with

the terminal-value conditions 7 (t7) = 7, 9(t;) = 95 and D(t7) = Dy

d%_%”(r) = F (1,7 (1),K(1)), (2.27)
%9(1) = (0, 2/(1), (1), K(1),1(1)., (2.28)
%@(r) — G (1, (1),9(0),1(1)) (2.29)

exist on the interval of optimization [fo,#/].

Next the optimization statements for the working of linear-quadratic tracking,
especially one conducive to appropriate risk-averse behavior over a finite horizon
are stated in the sequel.
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Definition 2.4.3 (Optimization Problem of Mayer Type). Fix k € Z" and the
sequence 1 = {i, > 0}%_, with y; > 0. Then, the Mayer optimization problem
over [fo, 1] is given by the minimization of the risk-value aware performance index
(2.26)over I(-) € £, ATy Dy K(-)e f%/tf’jfjﬁ’@f!@f;u and subject to the dynamic
equations of motion (2 27)—(2.29) for 7 € [to,1/].

Construction of scalar-valued functions which are the candidates for the value
function plays a key role in the dynamic programming approach and leads directly
to the concept of a reachable set in the latter half of this chapter.

Definition 2.4.4 (Reachable Set). Let reachable set 2 be defined
~ y

22 {(e.%.2,2) € lto,ty] x (R x (R")* x R¥} such that &, 4., %
e F. % #0

By adapting to the initial cost problem and the terminologies present in the statistical

optimal control here, the Hamilton-Jacobi-Bellman (HJB) equation satisfied by the
value function ¥ (¢,%, %, %) is then given as follows.

Theorem 2.4.1 (HJB Equation for Mayer Problem). Let (e,%,%,%) be any
interior point of the reachable set 2 at which the value function V' (8, Y7, ff) is

differentiable. If there exist optimal affine input I* € £, eV P and feedback gain
K*e %, eV P X then the partial differential equation of dynamic programming

0= min {(;98 (e.9,2,2)+ V(e.%,2,% ) vec(F (,% ,K))

leL,KeK

dvec(¥)

d " y y
— V¥, T, 7 Y (e, %,Z K,

Fove(@) Jree(? (e )

d

+avec(g)7/(g’gjag)vec(%(8,9,0@”,1))} (2.30)

is satisfied when the boundary condition is given by
(10,7 (10), D (10), 2 10)) = 8 (t0, 7 (10), % (10), 7 (10)) -

Proof. The proof can be obtained by adapting the results from [18] with the aid of
the isomorphic mapping vec(-) from the whole vector space of R"*"2 to the entire
vector space of R"1"2 as shown in [20]. a

Theorem 2.4.2 (Verification Theorem). Fix k € Z* and let W (e,% , %, %) be
a continuously differentiable solution of the HIB equation (2.30) which satisfies the
boundary condition

4 (t(),f%ﬂ(t()), @(lo),@(lo)) = (P(t)k (t(),f%ﬂ(t()), @(to),@(lo)) . (2.31)

Let (tuf,jf},.@f,.@f) be in 2; (I,K) in "%tfﬁ”fﬁfﬁfu X%fv}g}”-,@fa@ﬁli;
H, P and P the corresponding solutions of Egs. (2.27)—(2.29). Then
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W (1,7 (1), 2 (1), 2(1)) is a non-increasing function of T. If the 2-tuple (I* | K*) is
in ‘,2”% .5 Ty %/7 Py Dy defined on [ty,t¢] with corresponding solutions,

I, D* and D* of the dynamical equations (2.27)—(2.29) such that for T € [ty,1s]

0= %W (7. 27(1), 7"*(1), 7" (1))
+av%(g)7/ (1,7(1), 9" (1), 2" (1)) vec (F (1,7 (1),K*(1)))
+(9V%@W (0, 2% (1), 7" (1), 7" (%)) vec (4 (7,27 (1), 7" (1), K" (2),1"(7)))
+g§@WUﬁﬂmﬁm@wwm@@%wmmmmm)
(2.32)
then I* and K* are optimal. Moreover,
W (e, 2,2)="7 (e,9,2,%) (2.33)

where V' (8, vz, ff) is the value function.

Proof. The proof is relegated to the adaptation of the Mayer-form verification
theorem in [18]. And the technical details can be found in [20]. O

2.5 Risk-Averse Control of Adaptive Behavior

In this section, a closed-loop control solution of risk-averse adaptive behavior
within a finite horizon of the statistical optimal control problem is presented.
Next, the terminal time and states (t7,.%7, Dy, 9y) of the dynamical equations are
generalized to (8, Y LY ) in the dynamic programming framework. That is, for
€ € [to,t¢] and 1 < r <k, the states of the dynamical system (2.27)—(2.29) defined
on the interval [fo, €] have the terminal values denoted by

v

HE) =%, Dle)=%F, Dle)=2%.

The mathematical property of the risk-value aware performance index (2.26) is
quadratic affine in terms of the arbitrary initial system state xo. Therefore, it is used
to interpret in finding a solution to the HIB equation (2.30) as follows:
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k
W (e, W, %, %) = 2 (% + &4(€)) x0

+2x02ur(ff+7 )+2u, 2+ T(e)  (2.34)

r=1 r=1

whereby the time parametric functions &, € €' ([to,t/];R"™"), F, € €' ([to,1/];R"),
and .7, € €1 ([to,1/];R) are to be determined. Using the isomorphic vec mapping,
there is no difficulty to verify the following result.

Theorem 2.5.1. Fix k € Z* and let (8,@,3;,54%) be any interior point of the
reachable set 2 at which the real-valued function W (8,@, Z, ff) of the form
(2.34) is differentiable. The derivative of W (8, Y7, ff) with respect to € is given

d

oV (&2 7 ff)_xozur T K)+ - @@( €))xo

r=1

+2x02ur (SQ/QFKI)-F 9( £))

r=1
k y d
+ > (%, (8,@,5,1)+£<%(8)) (2.35)
r=1
providedl € Land K € K.
Proof. The approach taken is similar to that of [19] and also in [20]. O

Trying the guess solution (2.34) into the HJB equation for the Mayer problem here
(2.30), it follows that

k
d
0= min TE F(e,% K)+ —& (€
leLKGK{xo r:lﬂr( r( ) de r( ))xO

+2x02u, (8.9, 7 K1)+ di (€))

r=1

Pa
k
+2u(%(s@f'fl+ G } (2.36)

r=1
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Notice that

k k
z e, K) =~ A(e) + BKT X%~ Y i [Ae) + Ble)K

— " (e)Q(e)C(e) — K R(e)K
—1 251

—Z“rzs, 5)!

s=1

G(e)WGT (€)%

Ek‘, W, (e,%,7 K1) = —[A(e) + B(e)K]" i -z,
r=1 r=1

k
= 3 wB(e) — K R(e) + mC (€)0(e)S (e),

r=1

k
S w9 (e.%,2,1) = z,urTr{@G (e)WG" (g)}
r=1

r=1

k
—23 12 B(e)l — i R(e)l — " (€)Q(e)C(e).

r=1

Since the initial conditions xy and M are arbitrary vector and rank-one matrix,
the necessary condition for an extremum of Eq. (2.26) on [fy, €] is obtained by
differentiating the expression within the bracket of Eq. (2.36) with respect to /
and K as

k

(e, Z)=-R '(e)B"(¢) Y i, Z;, (2.37)
r=1
k

K(e,%)=-R '(e)B" () Y 1%, (2.38)

whereby the adjusted degrees of freedom I, = u,/u; and y; > 0. Replacing the
extremal affine input (2.37) and feedback gain (2.38) into (2.36) leads to the value
function

k k k
: gur%o@(e) AT () ;ur%— 3w %A(e) - C (€)0(e)Cle)

r=1

k k k
+ 2 0,%B(e 2 Zs+ Y 1% (e)B(e)R ()BT (e) Y, (1%
r=1 s=1 s=1 r=1
k r— 7l
fulz ,%.B(e 2 Zurz e ),@G(s)wcr(s)%s X0
r=1 s=1 r= =1
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k k
12 ;uréms) —AT(e) 3 1 B+ T (£)Q() (e)

r=1

k X k
+ 2 w2 B(e 2 sZ+ Y usB(e)R ()BT () Y p. 2,
r=1 s=1 s=1 r=1
X
—leurJ’JB e)B" (¢ 2 +2ur A

r=1

- 3 TG (€)) +2 X0 27 BER €18 () i 0,7

r=1 r=1 s=1

k k
—wm¢"(e)0(e)(e) — i Y, 1, ZTB(e)R ' (e)B" (e) Y 05 2. (2.39)

r=1 s=1

The remaining task is to display time-dependent functions {&5(-)},_, {9 } .
and {Z(- )}r 1» which yield a sufficient condition to have the left-hand side of
Eq. (2.39) being zero for any € € [to,7/], when {Z}k_ . {fﬁ}f:l and {Z,}5_,
are evaluated along solutions to the dynamlcal equatlons (2.27)-(2.29). Careful

observation of Eq. (2.39) suggests that {&(-) },_, {y }r 1> and { (- )} _, may
be chosen to satisfy the differential equations as follows:

L 6i(e) = AT (e) i (€) + Hi(£)A(e) + CT (£)Q(e)CIe)

k
— Y 0,.7(e)B(e)R ™ (e)B (¢).7 (¢)
r=1
+ ﬁ 7, (e)B(e)R ™ (€)B” () i f1,7(€), (2.40)
r=1 s=1
d
o 6le) = AT (e) () + Hi(e)A(e)
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L i(e) = AT (&)71(e)~CT (e)0(e) (e)

- il LA)BER ()8 (€)1 (e)

~ Ai(e)BER ()8 (e) il fe)

+ éﬂs%(E)B(s)Rl(e)BT(s) éﬁs@s(e), (2.42)
SO AT @2 (0)~ 3 pALEBOR € ()2

— J(e)B(e)R ! (e)B” (¢) éﬂs@s(e) . 2<r<k, (2.43)
70 =T AGEWG 6)) 27 (€)pleIR @8 () 1.5 ()

06N (6) + 3 AT BER €8 (0) . 5 (e).

(2.44)

S () =T { A ()G EWE (e)}

—29"(e)B(e)R '(e)B” (¢) ém@s(s) , 2<r<k. (2.45)

The affine input and feedback gain specified in Egs. (2.37) and (2.38) which are now
applied along the solution trajectories of the Eqs. (2.27)—(2.29) yield the following
results

k
= Ai(e) = AT (€)1 (€) ~ A (€)A(e) + A (€)Be)R (€)BT () Y, s Aile)
s=1
3 AEBER (@B () (e) — T (£)0()C(e)
s=1
k k
— Y A ()B(e)R ! (e)B (e) Y, futi(e), (2.46)

w
Il
-
o
Il
—_
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k
dig%ﬁ(g) = —AT(e)A(e) — A (e)A(e) + H(€)B(e)R ' (¢)B (¢) ;ﬁs%(g)
+ i Do (€)B(e)R™ (e)B' () #;(e)
s=1
o2

%@1 (e) = —Tr{H#i(e)G(e)WG (¢)} +22] (¢)B(e)R ' (¢)B (¢) i f1s % ()

k k
- Y 9] (e)B(e)R ™' (e)B" (e) X, 1sFs(e) — {7 (e)Q(e){ (€), (2.50)
s=1

s=1

d%.%(e) = —Tr{A(e)G(e)WG' (¢)}

k
+29] (€)B(e)R" ' (e)B" () X s Py(e), 2<r<k. (251
s=1

whereby the terminal-value conditions J (1) = CT (t;)QsC(ty), H.(ty) = 0 for
2<r<k Dty = —CTty)QsC(ts), Dp(ty) =0 for 2 <r <k and Z(t7) =
CT(l‘f)QfC(l‘f), _@r(l‘f) =0for2<r<k.



2.5 Risk-Averse Control of Adaptive Behavior 27
Finally, the boundary condition of # (&, %, %", %) implies that

Xy 2/.1, l() +£)(l‘o))XQ+2x0 z,u,( l‘o)—l— 9(1‘0))

r=1

+z,ur (to) + T (10)) = xp 2'“’ to)x0+2x0 Z[Jr (to +2[Jr
r=1 r=1 r=1
The initial conditions for the forward-in-time differential equations (2.40)—(2.45)
are therefore determined as follows: &.(fo) = 0, Z:(t9) = 0 and F;(1p) = 0.
Further on, the optimal affine input (2.37), and state-feedback feedback gain (2.38)
minimizing the performance index (2.26) become

The theorem that follows contains a controller design procedure which is able to
track a prescribed function of time in accordance with the performance appraisal
consisted of performance values and risks. The statistical optimal tracking controller
requires a state-feedback control gain and an affine input that results from the
backward-in-time solutions of the coupled differential equations.

Theorem 2.5.2 (Statistical Optimal Control Solution). Consider the linear-
quadratic class of tracking problems described by Egqs. (2.1)—(2.2), wherein
the process noise w(t) € RP is the p-dimensional Wiener process starting
from ty, independent of the initial system state xo and defined on a complete
probability space (Q,.F,2) over |ty,tf] with the correlation of increments
E{[w(ti) —w(n)]w(t)—w(n)]"} = W|ty — ©| and W > 0. The admis-
sible control u € Li@t (2;€ ([to,t¢];R™)) is selected so that the resulting
output 'y € L?Z (2;€ ([to,1¢];R")) best approximates a priori trajectories § €
L*(€ ([to,t/);R")) in the sense of Eq. (2.26) in which the terminal penalty error
weighting Qy € R™, the error weighting Q € € ([to,t7|;R"™"), and the control
input weighting R € € ([to,t7]; R"™*™) are symmetric and positive semidefinite with
R(t) invertible.

Assume k € " and the sequence . = {u, > 0}_, with w, > 0 are fixed. Then,
the statistical optimal control solution based on the state feedback measurements
for the finite-horizon tracking problem is implemented by

uw (t) =K*(t)x* (1) +1°(r), t=t+ty—1,Y7E [19,1/], (2.52)

K*(1) = —R'(1)BT (1) i Q-5 (1), (2.53)
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I*(r) = —R ' (7)BT (1) i 027 (1), (2.54)

whereby fi, 2 11,/ 11, and whenever { (1) }*_, and {@f (1) }Ir;l are the solutions
of the backward-in-time matrix-valued differential equations

d%«%ﬁ*(r) —[A(7) + B(1)K* (1)) S5 (1) — A7 (1) [A(%) + B(D)K (7))
—C(1)Q(1)C(7) = KT (1)R(1)K* (1), (2.55)

(1) = —[A(7) + B(D)K" (1)) A7 (1) = A7 (1) [A(7) + B(1)K"(1)]

r—1
3 s'(rz . it (COWE (VA,(1), 2<r<k (256)
s=1"" .

and the backward-in-time vector-valued differential equations

5 71(1) =~ [A() + B()K" (¢ )" i (7) = A (1)B(R)I" (1)
—KT(D)R(1)I" (1) +CT(1)Q(1)¢ (1), (2.57)

—7;(1) = = [A(0) + B(O)K* ()] 7 (1) = A(DB(0)I" (1), 2 < r <k (2.58)

provided that the terminal-value conditions 7, (ty) = CT (t7)QsClty), H*(ty) =0
for2 <r<kand 7;(t;) = —CT (t/)Qs ¢ (ty), I} (tg) =0for2<r<k.

2.6 Chapter Summary

In this chapter, an optimal control problem for a wide class of tracking systems is
formulated in which the objective is minimization of a finite, linear combination
of cumulants of integral quadratic cost over linear, memoryless, full-state-feedback
control laws. The standard linear tracking system constraint on a finite time interval
with additive Wiener noise and a non-random initial state underlies the problem
formulation. Because of the linearity assumptions in the problem statement, it
can be formulated as a non-stochastic optimization problem utilizing equations
for cost cumulants developed in this exposition. Furthermore, since this problem
formulation is parameterized both by the number of cumulants and by the scalar
coefficients in the linear combination, it defines a very general LQG and risk
sensitive problem classes. For instance, the special case where only the first cost
cumulant is minimized is, of course, the well-known minimum mean LQG problem
and whereas a denumerable linear combination of cost cumulants is minimized is
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the continued risk-sensitive control objective. It should also be noted that, although
the optimization criterion of the statistical optimal control problem represents a
competition among cumulant values, the ultimate objective herein is to introduce
parametric designs of freedom in the class of feedback control laws which will
result from the problem solution. These parametric designs of freedom have
been exploited to achieve desirable closed-loop system properties. Finally, the
general solution of the statistical optimal control problem for the class of linear-
quadratic tracking systems is presented and is determined by a feedback statistical
optimal control obtained by a set of coupled Riccati-type differential equations
and time-dependent tracking variables found by solving an auxiliary set of coupled
differential equations (incorporating the desired trajectory) backward from a stable
final time. The issue of existence of solution to the optimization problem becomes
that of existence of solutions to the Riccati-type equations. Conditions ensuring
existence of solutions to these equations are being worked out. In fact, for values
of linear combination coefficients outside certain finite ranges, the equations exhibit
finite escape time behavior. On the other hand, for limited ranges of the combination
coefficient values, the equations are well behaved and yield steady-state solutions
as evident in numerous controller designs for civil structural control and aerospace
applications.
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Chapter 3
Overtaking Tracking Problems
in Risk-Averse Control

Abstract Among the important results herein is the performance information
analysis of forecasting higher-order characteristics of a general criterion of perfor-
mance associated with a stochastic tracking system which is closely supervised by
a reference command input and a desired trajectory. Both compactness from logic
of state-space model description and quantitativity from probabilistic knowledge of
stochastic disturbances are exploited to therefore allow accurate prediction of the
effects of chi-squared randomness on performance distribution of the optimal track-
ing problem. Information about performance-measure statistics is further utilized in
the synthesis of statistical optimal controllers which are thus capable of shaping the
distribution of tracking performance without reliance on computationally intensive
Monte Carlo analysis as needed in post-design performance assessment. As a by-
product, the recent results can potentially be applicable to another substantially
larger class of optimal tracking systems whereby local representations with only
first two statistics for non-Gaussian random distributions of exogenous disturbances
and uncertain environments may be sufficient.

3.1 Introduction

Thus far statistical optimal control is considered only with linear-quadratic track-
ing problems. Obviously, many interesting optimization problems involve closely
guided tracking criteria. For instance, a class of overtaking tracking problems is
central to the study of physical systems as it is to the synthesis of feedback systems
that are able to track a-priori scheduling signals and target control references.
Interested readers may consult [ 1-3] to appreciate the scope of the concepts involved
in designing feedback controls for deterministic systems that optimize quadratic
performance indices of reference signals. The motivation in writing the present
chapter is to use performance information to affect achievable performance in risk-
averse decision making and feedback design. The recent work proposed by the
author has begun to address some key and unique aspects as follows. First, there is a

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 31
SpringerBriefs in Optimization, DOI 10.1007/978-1-4614-5079-5_3,
© Khanh D. Pham 2013
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recognition process that comprehends the significance of linear-quadratic structure
of the stochastic tracking dynamics and incorporates this special property in the
criterion of performance. Hence, the measure of performance is, in fact, a random
variable with chi-squared type and thus, all random sample-path realizations from
the underlying stochastic process will lead to riskier and uncertain performance. The
second aspect involves the linkage of a priori knowledge of probabilistic distribution
of the underlying stochastic process with system performance distribution and thus
describes how higher-order statistics associated with the performance-measure are
exploited to project future status of performance uncertainty. The third aspect,
which is distinct from the traditional average performance optimization, is a
general measure of performance riskiness as being a finite linear combination
of performance-measure statistics of choice that the feedback controller uses for
its adaptive control decisions. Since the account [4] has initially dealt with the
issue of performance robustness in stochastic tracking problems, it is therefore
natural to further extend the existing tracking results with additional command input
references.

Notional advantages offered by the proposed paradigm are especially effective
for uncertainty analysis. That is, qualitative assessment of the impact of uncertainty
caused by stochastic disturbances on system performance has long been recognized
as an important and indispensable consideration in reliability-based design [5] and
[6]. The research investigation is organized as follows. In Sect.3.2 the tracking
system description together with the definition of performance-measure statistics
and their supporting equations associated with the chi-squared random measure of
performance is presented. Problem statements for the resulting Mayer problem in
dynamic programming are given in Sect. 3.3. Construction of a candidate function
for the value function and the calculation of optimal feedback control accounting
for multiple internalized goals of performance robustness are included in Sects. 3.4
and 3.5, while conclusions are drawn in Sect. 3.6.

3.2 Problem Description

Consider a general class of stochastic tracking systems, modeled on a finite horizon
[to,17] and governed by

dx(r) = (A(t)x(t) + B(t)u(t))dr + G(r)dw(r), x(t9) = xo, (3.1

whereby the continuous-time coefficients A € €([to,t¢];R"*"), B€ € ([to,1]; R"™*™)
and G € € ([ty,17];R"*?) are deterministic, bounded matrix-valued functions. Un-
certain environments and exogenous disturbances, w(r) € R? are characterized by an
p-dimensional stationary Wiener process starting from 7, independent of the known
initial condition x(, and defined with {%},Z,PO being its filtration on a complete
filtered probability space (2,.%,{.% }i>>0,) over [ty,1f] with the correlation
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of independent increments E { [w(1)) — w(%)][w(t) — w(n)]" } = W|1 — 1| for
all 7,7 € [to,17] and W > 0. The set of admissible controls Li‘% (2;€ ([to, t7];R™))
belongs to the Hilbert space of R”-valued square-integrable processes on [fo, ] that
are adapted to the o-field .%; generated by w(r) with E{ftgf ul (T)u(1)d7} < oo,

Associated with the admissible 2-tuple (x(-);u(-)) € L?%(Q;(f([to,;f];R")) X
Li@t (2;€ ([to,t¢];R™)) is a finite-horizon integral-quadratic performance measure
J: Li‘% (Q2;6([to,17);R™)) — RT

1y

J(u(-) = (x(ty) = v(17))" Qr(x(ts) = ¥(ty)) A [(x(7) = 7(1))" Q(7) (x(7) = ¥(7))
+(u(t) = (1)) R(2) (u(7) — uy(7))] d, (3.2)

whereby the desired trajectory y(-) and reference control input u,(-) are given,
deterministic, bounded and piecewise-continuous functions on [fg,7¢]. Design pa-
rameters Oy € R"™", Q € € ([to,t¢];R"*"), and invertible R € € ([t9,17];R™*™) are
deterministic, bounded, matrix-valued and positive semidefinite relative weightings
of the terminal state, state trajectory, and control input.

Furthermore, as shown in [4], under linear, state-feedback control together with
the fact of the linear-quadratic system, all higher-order statistics of the integral-
quadratic performance measure have the quadratic-affine functional form. This
common form of these higher-order statistics facilitates the definition of a risk-value
aware performance index and the associated optimization problem. Therefore, the
control law considered here is a linear time-varying feedback law generated from
the tracking state x(r) and reference control input u,(¢) by

u(t) = K(t)x(r) +1p(t) +ur(1), (3.3)
where both admissible vector-valued affine input [y € €'([to,7];R™) and matrix-
valued feedback gain K € € ([to,t7];R"*") are yet to be determined. Henceforth,
for the admissible initial condition (fo,x0) € [fo,?¢] x R" and the feasible control
policy (3.3), the dynamics of the generalized tracking problem are governed by the
stochastic differential equation with the initial condition x(zp) = xo known

dx(t) = [(A(2) +B(t)K(1))x(t) +B(t)(1(t) + u,(1))]dt + G(t)dw(r) (3.4)

and subject to the realized performance measure

JK():1p(-)) = (x(t) = v(t7)) T Qp(xlty) = ¥(ty)) + /l:f[(X(T) —1(0)"0(7)(x(7)

—¥(0) + (K(1)x(7) + () R(0) (K (0)x(7) +14(7))] dT. (3.5)
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3.3 A Framework for Performance-Measure Statistics

Up to now, the performance measure (3.5) is regarded as a random variable with
the chi-squared type from which the uncertainty of performance distribution must
be addressed via a complete set of higher-order statistics beyond the statistical
averaging. Thus, the concepts and methods of characterization and management of
higher-order statistics associated with the performance measure (3.5) are directly
applicable to risk-averse control problems with performance risk consequences.
Such performance-measure statistics are sometimes called cost cumulants for short
and thus are utilized in the synthesis of state-feedback controllers to directly target
the uncertainty of tracking performance.

In the development to follow, the initial condition (fy,xp) is treated as any
arbitrary and yet admissible pair (7,x;). Therefore, for the admissible affine input
Iy and feedback gain K, the performance measure (3.5) is considered as the
“performance-to-come,” J (7, xz)

(5,3 = (x(0) = e)" Q5 x07) = (e + [ 1(a(0) ~ 72T QL)
% (x(1) = (2) + (K(2)2(2) +14(1) RO (K (D)2() +14(1))] . G.6)

The moment-generating function of the “performance-to-come” (3.6) is defined by
¢ (7,x7;0) = E {exp(6J (7,x7))} (3.7)

for all small parameters 8 in an open interval about 0. Thus, the cuamulant-generating
function immediately follows

v (7,x:0) £In{@(7,x::0)} (3.8)

for all 0 in some (possibly smaller) open interval about O while In{-} denotes the
natural logarithmic transformation.

Theorem 3.3.1 (Cumulant-Generating Function). Suppose that t € [ty,tf] is
some running variable and  is a small positive parameter. When ¢ (T,x;;0) =
p(7,0)exp{xLY(7,0)x;+2xIn(7,0)} and v (t,0) =1In{p (7,0)}, the cumulant-
generating function that contains all the higher-order characteristics of the perfor-
mance distribution, is then given by the expression

v (T,x7;0) =xIY(1,0)x: +2xIn(7,0) +v(7,0), (3.9)

where the cumulant-supporting variables Y'(1,0), n(7,0), and v (7, 0) solve the
time-backward differential equations:

d%m’@) — _[A(D) + BOK (DY (7,0) — Yz, 0)[A(T) + B(D)K(T)]
—2Y(7,0)G(t)WG" (1)Y'(7,0) — 6 [0(7) + KT (T)R(T)K(7)]

(3.10)
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2 1(2,0) = ~[A(0) + BOK (1)) 1(2,0) ~ ¥(z,0)B(2) [1(1) + 1 (7)]
— 0 [K” (R(1)I;(7) - Q()(7)] G
d

i (1,0) = —Tr{Y(7,0)G (1) WG" (1)} —2n" (7,0)B(7) [I;(1) + u,(7)]

— 0 [} (DRI (1) + 7" (D)) 1(7)] (3.12)
with the terminal-value conditions Y (t7,0) = 6Qy, N (tfﬁ) = —00(ty), and
v (17,0) = 07" (17) Qs ¥(ty)-

Proof. For simplicity, it is convenient to have @ (7,x7;0) £ exp{60J(1,x;)} and

¢ (1,x7;0) 2 E{® (7,x7;0)}. In addition, it follows that

0 (5.:0) = ~0 {<T0(5) + KT (IR(DK(2) e+ 1} (DRI (7)

+2x7 [KT (1)R ()14 (1) — Q(T)Y(T)HYT(T)Q(T)Y(T)} ¢ (7,x7:0).
(3.13)

Using the standard Ito’s formula, it yields
do(1,x;0) = E{d®@ (7,x:;0)}
= 0r (1,%230) AT+ @x, (T,x230) [(A(T) + B(7)(K(7))xc

+B(7)(I(7) + ur(1))]dT+ %Tr {@ex; (1,31:0) G (T) WG (1)} d,

which, under the definition ¢ (7,x:;0) £ p (7,0)exp {xI Y (7,0)x; +2xI1(7,0)}
in addition with its partial derivatives, leads to the total derivative of ¢ (7,x; 0) with
respect to time

d
d—Tfp(mr;O)

:{difp(rve)_i_ T d

d
—_— T—
(z.6) Xz dTT(T,O)xT—i—Zx, dTT](T,@)

+xL[A(T) + B(D)K (1)) Y'(7,0)x: +xI7(1,0) [A(T) + B(7)K(T)] X1
+2xI[A(7) + B(0)K (1)) 1(1,0) + 221 Y (7,0)B(T)[I/(T) + u,(7)]

+2n"(7,0)B(7)[lf(t) + ur(71)] + Tr {Y' (7,0)G(1)WG" (1) }

)
)

+ 217 (1,0)G(r)WGT (1) (7, e)xf}q) (7,%7:0). (3.14)
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Substituting the result (3.13) into the left-hand side of Eq. (3.14) and having both
linear and quadratic terms independent of x; require that

4 r(2,0) = —[A(7) + BOK (D)X (1,8) — Y (1, 0)[A(7) + B()K(7)]

—2Y(7,0)G(T)WG™ (7)Y (7,0) — 0 [Q(7) + KT (T)R(1)K ()] ,

=1 (2,0) = ~[A(2) + B(O)K(2)] n(z,0) ~Y(.0)B(x) [14(z) + 1y (1)

=0 [KT(DR(7)l4(7) = Q()¥(7)] |

%v (1,0) = —Tr{Y(1,0)G (1) WG" (1)} —2n" (7,0)B(7) [I;(1) + u,(7)]

=0 [[F (DR(D)I; () + 7 (1)Q()(7)] -

At the final time 7 = t¢, it follows that

(17, x(t7):0) = p(t7,6) exp {x" (t7) Y(tfve)x(tf)+2xT(tf)n(tf79)}
:E{exp{G[X(lf) 1 )] Orlx( V(tr) }}

which, in turn yields the terminal-value conditions as Y'(t7,0) = 6Qy, n(t7,0) =
—00y7(ty), p(t7,0) = exp {07 (t7)Qs¥(ty) } and v(1,0) = 07" (17)Qs¥(ty). O

Notice that the expression for cumulant-generating function (3.9) for the generalized
performance measure (3.5) indicates that additional affine and trailing terms take
into account of dynamics mismatched in the transient responses.

By definition, higher-order performance-measure statistics that encapsulate the
uncertain nature of tracking performance can now be generated via a Maclaurin
series expansion of the cumulant-generating function (3.9)

V(Tx0) £ Y K—= - (3.15)

from which k; is denoted as the rth-performance-measure statistics or the rth-cost
cumulant. Moreover, the series expansion coefficients are thus obtained by using the
cumulant-generating function (3.9)

Pl K Pl PG
WW(T,XT,G) Xz 89(" T( 9) x1—|—2xr 89(7 (T 9)
0=0 0= 0=0
o (x.0) (3.16)
+ ——(r, .
26" oo
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In view of the results (3.15) and (3.16), the rth performance-measure statistic for
the generalized tracking problem therefore follows

9 9 o)
T T
Ky = X7 ae(r)lf‘(r,e) X¢+2x; —aemn(r,e) +_86(’)U(T’6) (3.17)
0=0 0=0 =0
for any finite 1 <7 < oo,
For notational convenience, the following definitions
o) N 9 9
A A . A
Hr(T)_ ae(r) Y(Tae) _7Dr(T) ae(r)n( 9 ) e_ovDr(T)_ ae(r)v(rae) oo

are introduced so that the next theorem illustrates a tractable procedure of generating
performance-measure statistics in time domain. This calculation is preferred to
that of Eq. (3.17) for the reason that the resulting cumulant-generating equations
now allow the incorporation of classes of linear feedback controllers in risk-averse
tracking design synthesis.

Theorem 3.3.2 (Performance-Measure Statistics). The tracking dynamics gov-
erned by Egs. (3.4)—(3.5) attempt to follow the set-point signals y(t) and control
input references u,(t) with the overtaking performance-measure (3.5). For k € 7,
the kth performance-measure statistic is given by the closed-form

Ki :xng(to)xo—l—ngDk(to)+Dk(t0), (3.18)

where the cumulant-generating variables {H,(t)}*_,, {D,(t)}*_, and {D,(7)}*_,

r=1’ r=1
evaluated at T = ty satisfy the time-backward differential equations (with the

dependence of H,(t), D,(t) and D,(t) upon l; and K suppressed)

%HI(T) = —[A(7) + B(1)K(7)]" Hi(7) — Hi () [A(1) + B(T)K(7)]
—0(t) — KT (7)R(T)K(7), (3.19)
% +(1) = — [A(1) + B(0)K (1)]" Ho(1) — Ho(7) [A(T) + B(1)K (7)]
o 2! T
- 2 mHs(T)G(T)WG (0)H,—s(7), (3.20)
d .

— KT (D)R(1)l¢(7) + Q(1)1(7), (3.21)

= D,(1) = — [A(2) + BOK(2)]" By(1) ~ H(0)B(r) (1) +ur(0)] . (3.22)
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%Dl(r) = T {H ()GDWGT (1)} — 2DT (0)B(2) [15(1) + uy(7)]

— L (DR (1) — ¥ (1) Q(1)7(7), (3.23)

d%_Dr(r) = —Tr{H,(7)G()WG" (1)} —2D] (1)B(7) [I1(7) +u.(1)], (3.24)
whereby the terminal-value conditions H\(tf) = Qy, H,(tf) =0 fo <k

r2<r N
Di(ty) = —Qy(ty), Dr(ty) =0for2 <r <k and Dy (ty) =y" (t;)Qs¥(ts), D:(t) =
Ofor2 <r<k.

3.4 Statements of the Risk-Averse Control Problem

For the reason that the values of performance-measure statistics (3.18) depend in
part of the known initial condition x(1), the statistical optimal control is therefore
dealt with a set of deterministic equations which describes the “trajectories”
of the performance measure statistics (3.18). Henceforth, the linear-quadratic class
of stochastic control problems with performance risk aversion is subsequently
transformed into a deterministic control problem where the dynamics of the
deterministic systems are described by a set of time-backward matrix and vector-
valued differential equations (3.19)—(3.24).

In other words, the time-backward trajectories (3.19)—(3.24) are now considered
as the “new” dynamical equations from which the resulting Mayer optimization
[7] and associated value function in dynamic programming now depend on these
“new” states H, (), D,(7), and D,(7), not the states x(t) as traditionally expected.
Furthermore, it is important to see that this mathematical representation (3.19)—
(3.24) underlies the conceptual structure to extract the knowledge of intrinsic
performance variability introduced by the process noise stochasticity in definite
terms of performance-measure statistics (3.18).

Next it is convenient to introduce k-tuple variables 7, .@, and 2 a

follows #(-) 2 (H4(),.... 7 4(), 2() & (Z1(),....Z%()) and 2(-) &
(21(-),-.-,%()) for each element % € €'([to,t/;R™") of S, 9, €
&' ([to,1/;R") of 9, and 2, € €' ([to,17];R) of 2 having the representations
H() 2 H (), 2:(-) 2 D,(-), and Z,(-) 2 D,(-) with the right members satisfying
the dynamic equations (3.19)—(3.24) on the finite horizon [to,1/].

The problem formulation is considerably simplified if the bounded and Lipschitz
continuous mappings are introduced accordingly

2]

yr . [t()utf] % (Rnxn)k < Ry Rnxn7
G- [to,17] x (R™")E x (RM)E x R™" 5 R™ 1 R,
G, - [to,17] x (R x (RMF x R™ 1 R,
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where the actions are given by

F1(1,,K) £ —[A(7) + B(D)K(7)]" A (1) — i (7)[A(7) + B(1)K(7)]
—0(7) ~ K" (DR(1)K (1),
Fr(0, A, K) £ —[A(7) + B(0)K(0)] 5(7) — (1) [A(7) + B(D)K (1))

- 2r!
1 5!(r—s)!

H(T)G(DW G (1) 7—(7),

G (1,7,9,K, 1) £ —[A(r) + B(O)K(7)]" F(%) — A4 (1)B(7) [L£(7) + ur(7)]
— K" (DR(2)L (1) + (1) (%),
G (v.,9,K,1;) £ —[A(1) + B()K (0)]" 9,(v) = A(0)B(7) [1(7) +u(7)],
G (1,,9,l5) & —Tr {4 ()G(DOWG" (1)} —22] (7)B(7) [I(7) + u,(7)]
— [F(DR(D)1y(7) =¥ (1)Q(D)N(7),
G (1, ,9,l;) & ~Tr{A#(1)G(z

For compactness of notations, the next product mappings are further needed
F1 XX Ty to,tg] x (RPME R™M oy (R
Gy x - x Gy : [t t7] x (R x (RME x R™ x R™ 5 (R,
G x - x Gy o, tr] x (R x (RMF x R™ s R*

along with the corresponding notations .# £ .%; x --- x %, GEG x - xY,
and ¥ £ Y, x --- x 4. Thus, the dynamic equations of motion (3.19)—(3.24) can be
rewritten as follows

LA W) =P A @)KE), A=A,
L) =9 A (0, DO K@ (D), )=y,
d

_@(7):g(rvf%ﬁ(r)vé(r)vlf(r))v @(tf)zgf’

whereby the k-tuple final values 7% £ (Q4,0,...,0), Zr £ (=Qs¥(1/).0,...,0),

and 7 = (! (1) Qs (ty), .-, 0). )
Notice that the product system uniquely determines 7, &, and & once the
admissible affine input /r and feedback gain K are specified. Hence, they are
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considered as 5 = #(-,K), 9 = (-, K,l;) and 2 = 9(-,K,I¢). The risk-averse
performance index is defined by these control parameters /; and K.

Definition 3.4.1 (Risk-Value Aware Performance Index). Fix k € Z" and the
sequence p = {4, > 0}*_, with y; > 0. Then, for the given (fy,xo), the risk-value
aware performance index of Mayer type, i.e., 9/ : {1} x (R™")k x (R")* x RF —
R for the generalized tracking problem is defined by

0 (10,7 (10), Z(10), 2(10)) £ RS + 2k + - LK
—~ -

Value Measure  Risk Measures

= 2 w[x A (10)x0 + 2x5 D (o) + 21 (19)]. (3.25)

The real constant scalars u, represent different degrees of freedom to shape the
distribution of closed-loop tracking performance wherever they matter the most by
ameans of placing particular weights on any specific performance-measure statistics
(i.e., mean, variance, skewness, flatness, etc. ) associated with the performance

measure (3.5). The unique solutions {J#(:) r—l’ {_@ }r , and {Z:(-) K
evaluated at T = 1y satisfy the time-backward equations of motion

%%(r) _ F(0, #(1),K(0), Ay, (3.26)
%9(1) — G (1. (1),9(0). K1 (7) . F(1y). (3.27)
d%@(r) =9 (1,20(1),2(7),l;(7)),  D(t5). (3.28)

For the given terminal data (t7,.77, .@f, Py ), the class of feedback controls whose
admissible affine inputs and feedback gains are next defined is only admitted herein.

Definition 3.4.2 (Admissible Inputs and Feedback Gains). Let compact subsets
L CR™and K C R™*" be the sets of allowable linear control inputs and gain values.
For the given k € Z" and the sequence pu = {, > 0}*_, with p; > 0, the set
of admissible affine inputs ftf D5, Dy and feedback gains f/”i/tf A Dy Dyt
respectively assumed to be the classes of ¢([to,#¢];R”) and € ([to,t7];R™*") with
values /() € L and K(-) € K for which solutions to the dynamic equations (3.26)—

(3.28) exist on the interval of optimization [fg,f].

As before, the mathematical mechanisms for the dynamic programming approach
which is adapted specifically for the Mayer optimization problem within the context
of statistical optimal control are stated and the outline of the proofs will be given.

Definition 3.4.3 (Optimization Problem of Mayer Type). Suppose that k € Z"
and the sequence u = {u, > O}Ir‘:1 with gy > 0 are fixed. Then, the Mayer
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optimization problem over [f,7f] is given by the minimization of the risk-value
aware p.erformance 1ndex. (3.25) 9ver Ie(-) E. "sﬂt,,%”,ﬂ'f,@,;u’ K(-) e f/”i/tfjﬁ_gf’@/;u
and subject to the dynamic equations of motion (3.26)—(3.28).

The subsequent results will then illustrate a construction of potential candidates for
the value function.

Definition 3.4.4 (Reachable Set). Let reachable set 2 = { (e.9,2,2) €
1) x (R x (R")E x RE such that Z, o 5y X Ko gy 5.0 # 0}.

By adapting to the initial cost problem and the terminologies present in the risk-
averse control, the Hamilton-Jacobi-Bellman (HJB) equation satisfied by the value
function ¥ (8, N ) is given as follows.

Theorem 3.4.1 (HJB Equation for Mayer Problem). Let (e,%,%,%) be any
interior point of the reachable set 2 at which the value function V' (8, Y7, ff) is
differentiable. If there exist optimal affine signal l;? € 92”879,72;7%“ and feedback gain
K* e %,@’,xﬁ;’,:ﬁ";u’ then the partial differential equation of dynamic programming

09 } 2 . _
0_[f€r21]?€]({£7/(87@7g7g) +W7/(€,g,g,g)VCC(/ (8,@,[())
d " y 9
— V(Y. 2%, Z Y (e, %, 7 K,

+8vec(ff) (8 )Vec( (8 f))
d y y
+W7/ (E,g,g,g) vec (% (8,@,?,#))} (3.29)

is satisfied with the boundary condition governed by
v (l‘(),jf(l()), @(t()), @(t())) = ¢(l)k (l‘(),jf(l()), 92(1‘()), @(t())) .

Proof. By what has shown by [8], the proof for the result here is readily proven. 0O

Next another approach to sufficiency is the verification result which is then utilized
to verify admissible feedback controls with performance risk aversion.

Theorem 3.4.2 (Verification Theorem). Fix k € Z* and let W (¢, , %, %) be
a continuously differentiable solution of the HIB equation (3.29) which satisfies the
boundary condition

W (to, 7, %0, %) = 8 (t0. 7. %0, D) - (3.30)

Let (t{'a‘%ﬂfa-@fa-@f) be in 2; (lfaK) in "Zf,jff,@f,@f;/.l X %f,.if},@f,@f;/—l’.
H, 9 and P the corresponding solutions of Egqs. (3.26)—(3.28). Then,

W (1,7 (1), 9 (1), 2(1)) is a time-backward increasing function of T. If (I7,K*) is
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in .,S”t/ . 5.9 % %/7 A Py Dy defined on [ty,t¢] with corresponding solutions,
JC*, D%, and D* of Egs. (3.26)—(3.28) such that for T € [to, 1]

0=2w (n%*(r),.@*(r),.@*(ﬂ)
avef@) (@) (1)) vee (F (1,2 (2),K* (1))
+$('2?)W<T7 @ (1)) vee (g(f HH(3), 9 (1)K (2),15(7)) )
*av%ww<T’W“>’=@*<T>~@*<T>)V€C (¢ (r.or (0.9 @.0m) ) 33D)

then both l}‘» and K* are optimal. Moreover, it follows that
W (Y. Z.2)=" (¥ 2.%), (3.32)

where V (8, v .7, ff) is the value function.

Proof. With the aid of the recent development [7, 8], the proof then follows for the
results stated here. O

3.5 Optimal Risk-Averse Tracking Solution

It is obvious that the optimization problem considered herein is in “Mayer form”.
It is therefore solved by applying an adaptation of the Mayer-form verification
theorem of dynamic programming given in [7]. In the language of dynamic
programming, it requires to parameterize all starting times and states of a family
of optimization problems as (8,@ 4 ) For instance, the states of the sys-
tem (3.26)—(3.28) defined on [fy,€] with the terminal values are now denoted by
H(E)=%, Y(e)=Z, and P(g) = Z. Next the choice of a candidate solution
to the HIB equation (3.29) depends on properties like the differentiability and
quadratic-affine nature of the risk-value aware performance index (3.25), e.g.,

k
W (e Y. Z.2)=x} Y, W (% +E(€)) xo
r=1

+2x02u,(ff+9 )+2/.L,ff+ﬂ( ),  (3.33)

r=1 r=1

whereby the time-parametric functions &, € € ([to,t/;R"™"), J; € € ([to,t7];R")
and 7 € €1 ([to,t¢];R) are yet to be determined.
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Therefore, one can obtain the derivative of # (8, Y G ) with respect to €

%W(a,@j,%)—xoZm( (6.9 .K)+— 5“)

+2x02ur< (e Z K1) + ST >>
+Zur< e@fflf)Jr 9( )> (3.34)

provided that [y € L and K € K. Trying this candidate for the value function (3.33)
into the HJB equation (3.29) yields

. d d
0= min {xg >y (9}(8,@/,1()—1—&&(8)) X0
+2x02u,(% Y ,,@”Klf)—i— 9( ))

+Zur (e v.¥ )+ 52 9( ))} (3.35)

Since the initial condition xq is an arbitrary vector, the necessary condition for an
extremum of Eq. (3.25) on [fy, €] is obtained by differentiating the expression within
the bracket of Eq. (3.35) with respect to the control parameters [y and K as follows

ly(e,Z)=—R"'(e)B" (¢) ¥ 0, 2, (3.36)
r=1

K(,%)=-R "(e)B" () ¥ %, (3.37)
r=1

where the weightings I, £ u;/u; are normalized by y; > 0.
What remains is to exhibit the time parametric functlons for the candidate

function % (¢,%, 7. ) of the value function, i.e., {&:(-) r—l’ {f }r_l, and
{Z(- )} _, which yield a sufficient condition to have the left-hand side of Eq. (3.35)

being zero for any € € [to, 7], when {Z,}*_ . {ff,}r:l and {2;}*_, are evaluated
along the solutions of the cumulant-generating equations (3.26)—(3.28).
With a careful examination of the right-hand side of Eq. (3.35), {&,(- )}r_ 1>

{9 }r , and { (- )} _, selectively satisfy the following time-forward differ-
ential equations
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Le61(e) =AT (e) A (8) + A ()A(e) + Qle)

k
— Hi(e)B(e)R ' (e)B' (¢) Y, 5 (e)
s=1

k
— Y aH(e)B(e)R ' (e)B (g) i (€)
s=1

+ i 1.4 ()B(e)R™ " ()BT (¢) i f1,.76(€), (3.38)
r=1 s=1
S 60) =T €1A(6) 1 AAEIAE) - SN (O (6) 3 )

- i peA(€)B(e)R™ (e)BT () (e)
s=1

- 2!

+X:21 m%(e)G(e)WG%)%ﬁ(e), (3.39)
= File) =AT(e) (&) — Qle)y(e) ~ il pA(E)B(E)R (€)B” () T ()

+ Hi(e)B(e)-R ()8 (¢) ﬁl B:Th(e) + ur(e)]

+ ﬁlﬁs%(s)lf(s)Rl(e)BT(s) i/w?s(e), (3.40)
= Thle) =AT(€) Fyle) - ﬁl pA()BER ™ (€)B” () (e)

B |-k ()BT (e) ﬁl 1,9(€) + 0 (e) (3.1
i) =Tr { AW (&)} +7 (2)0(e)r(e)

+297 ()B(e) [—Rl (e)B" (¢) iln@m ()

+ i 09! (e)B(e)R' (e)B (¢) i &, 94(e), (3.42)

s=1 s=1
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—y =Tr{#.(e)G(e)WG" ()}

+297(e)B(e) —R’l(s)BT(s)iﬁs%(e)+ur(s) . (343)

s=1

The boundary condition of % (g,%/, 7. ) implies that

xg iu (jiﬂ(l())-l—éa(t()))X()-i-Zxo Z[Jr( l())+ y(t()))

r=1 r=1

+2[Jr H(to) + T (10)) = X Z/.L, to)x0+2xo Z[Jr (t0) +Z[Jr

r=1 r=1

The initial-value conditions for the time-parametric equations (3.38)—(3.43) are
given as follows &,(fo) = 0, J,(t9) = 0 and .7, (ty) = 0. Finally, the optimal linear
input (3.36) and feedback gain (3.37) minimizing the performance index (3.25)
become optimal

Theorem 3.5.1 (Optimal Risk-Averse Tracking Solution). Suppose (A,B) is uni-
formly stabilizable and (C,A) is uniformly detectable where CT (¢)C(t) = Q(t).
Assume further k € Z* and the sequence 1 = {1, > 0}*_, with W, > 0 fixed. The
risk-averse tracking solution for the generalized tracking problem whose the state
dynamics x(t) and the control input u(t) governed by Egs. (3.1) and (3.2) will track
closely the desired trajectory y(t) and reference command u,(t), is given by the

risk-averse control policy

u'(t) =K"()x"(t) + ;) +pt), t=to+ty—1, (3.44)

K* (1) =—R N (1)B" (1) ¥ Q- (1), T E [to,ty], (3.45)
r=1

[(6) = —R (2B (1) X 055 (0) (3.46)

where the normalized weightings (I, = 1;/ 1, emphasize on different design free-
dom of shaping the probability density function of the generalized performance-
measure (3.5) of the chi-squared type. The optimal solutions {J7*(t )} _, are
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satisfying the backward-in-time matrix-valued differential equations

L5t (3) = — A + BEOK* (0] A" (1) = 27 (3) [A(5) + BD)K" (1)

dt
—0(1) - KT (D)R(1)K* (1), A (ty) = Qf (3.47)

and, for2 <r <k

S (1) =~ @)+ BOK (O] 47 (1)~ A (2) [A(T) + BEK* (7)
- r1,(2—’!),%*<r>G<T>WGT<r>%*s<r>, ) =0, (3.48)
Hsl(r—s)!

.. . . = k . .
In addition, the optimal solutions {_@r* (T)}r: | are solving the backward-in-time
vector-valued differential equations

dr%( ) = —[A(1) + B(O)K* (7)) Z; (1) — 7" (1)B(1) [1;(7) + ()]
—KT(OR()G(1)+0(0)v(1),  Di(ty) = —Qs¥(ty)  (3.49)
and, for2 <r<k

%@(TP—[A(THB( )K* (0] Z; (1) = A7 (0)B(2) [1(7) + ur(7)]

Pi(ty) =0. (3.50)

Notice that the optimal feedback gain (3.45) and affine control input (3.46) operate
dynamically on the time-backward histories of the cumulant-supporting equa-
tions (3.47)—(3.48) and (3.49)—(3.50) from the final to the current time. Moreover, it
is important to see that these dynamical equations are functions of the noise process
characteristics, i.e., second-order statistic W. Hence, the high confident tracking
paradigm consisting optimal feedback gain (3.45) and affine input (3.46) has traded
the certainty equivalence property, as one may normally obtain from the special case
of traditional linear-quadratic tracking, for the adaptability to deal with uncertain
environments and performance variations.

3.6 Chapter Summary

The present chapter proposes an advanced solution concept and a novel paradigm of
designing feedback controls for a class of stochastic systems to simultaneously track
reference trajectory and command input in accordance of the so-called, risk-averse
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performance index that is now composed of multiple selective performance-measure
statistics beyond the traditional statistical average. A numerical procedure of calcu-
lating higher-order statistics associated with the chi-squared performance-measure
is also obtained. The robustness and uncertainty of tracking performance is therefore
maintained compactly and robustly. The complexity of the feedback controller
may however increase considerably, depending on how many performance-measure
statistics of the target probability density function are to be optimized.
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Chapter 4
Performance Risk Management
in Servo Systems

Abstract This chapter provides a concise and up-to-date analysis of the
foundations of performance robustness of a linear-quadratic class of servo systems
with respect to variability in a stochastic environment. The dynamics of servo
systems are corrupted by a standard stationary Wiener process and include input
functions that are controlled by statistical optimal controllers. Basic assumptions are
that the controllers have access to the current value of the states of the systems and
are capable of learning about performance uncertainty of the systems that are now
affected by stochastic elements, e.g., model deviations and exogenous disturbances.
The controller considered here optimizes a multi-objective criterion over time where
optimization takes place with high regard for sample realizations by the stochastic
elements mentioned above. It is found that the optimal servo in the finite-horizon
case is a novel two-degrees-of-freedom controller with: one, a feedback controller
with state measurements that is robust against performance uncertainty; two, a
model-following controller that minimizes the difference between the reference
model and the system outputs.

4.1 Introduction

In recent works [1-4], the statistical optimal control for a class of optimal stochastic
regulator problems has been developed for the task of returning systems to either
zero or prespecified states in a complete statistical description of chi-squared
random measures of performance. In fact, this regulator problem class is a special
case of a wider class of problems where it is required that the outputs of a system
follow a reference signal which in turn belongs to a known class of signals.
The present research investigation now examines a possible extension of this
generalized stochastic regulator theory developed so far in such a way that the
resulting servo controller consists of a feedback controller together with a model-
following controller involving processing of the desired reference signals to ensure
the outputs of a linear stochastic system follow as closely as possible the outputs of
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a reference system in accordance of a given target probability density function of
chi-squared random measure of performance. To the best knowledge of the author,
the theoretical development in the sequel appears to be the first of its kind and its
novel solution concepts are related well with the extensive literature on tracking
and feedforward control design problems such as the earlier works of [5-7], just to
name a few. Most of these works only considered the traditional measure of average
performance using dynamic programming approach.

The results here will effectively address two key issues that have not been dealt
with so far in the stochastic control literature, namely, how to quantify higher-order
characteristics of performance uncertainty with respect to all sample realizations of
the underlying stochastic process and how to design new model-following strategies
that directly influence the performance distribution and robustness. Therefore, the
enabling solution included here will bring one step closer to the realization of
optimal tracking of stochastic systems with multi-attribute performance guarantees.

4.2 The Performance Information Process

As noted in Chaps. 2 and 3, the design of a control system with performance risk
consequences involves the design of a performance information process which
provides data for the decisions taken by risk-averse control designers. Henceforth,
most of the development in this section focuses on the performance information
process. For now, a class of servo stochastic systems whose state and output
dynamics modeled on 1o, /] are given by

dx(t) = (A(t)x(r) + B(t)u(t))dr + G(r)dw(t), x(19), 4.1)
z(r) = C(t)x(2), (4.2)

whereby the continuous-time coefficients A € € ([to,1]; R"*"), B € € ([to,1]; R™™),
C € € ([to,t7);R™™), and G € % ([to,t7];R"*P). The stochastic elements w(t) =
w(t,®) : [tg,17] X  — R” is the p-dimensional Wiener process starting from o
with action space of €2, which is independent of the known x(ty) = xo. {Fi>1y>0}
is its filtration on a complete filtered probability space (,.7,{Z>4,>0}, &) over
[to, 7] with the correlation of independent increments

E{w(t)) —w(n)]w(n) —w(n)]"} =W|t —1|, W>0,V17,% € [o,1].

The admissible control u € Li‘% (2;€ ([to,t¢];R™)) defined by a subset of Hilbert
space of R”-valued square-integrable processes on [f,?;] that are adapted to the

o-field .% generated by w(t) with E{ ,;f uT(‘L')u(T)dT} < oo is robust against the
stochastic elements ® so that the resulting system outputs z € LZJI (2;€ ([to,1¢];R"))
effectively follow the desired transient responses z4 € L*([to,t/];R") of the given
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linear reference model

dxd(t) = Ad(t)xd(l‘)dl, xd(t()) = X40, “4.3)
za(t) = Ca(t)x4(2), 4.4

whereby the deterministic coefficients Ag € € ([to,t¢];R"*"¢) and Cq € € ([to,1¢];
Rr)(l‘ld ) X

In addition, the stochastic system (4.1) in the absence of process noises is
supposed to be uniformly exponentially stable. That is, there exist positive constants
11 and 7, such that the pointwise matrix norm of the closed-loop state transition
matrix satisfies the inequality

||(I)(t,‘[)|| Snleinzgir) Vi>1>1.

The pair (A(z),B(t)) is stabilizable if there exists a bounded matrix-valued function
K(t) such that dx(¢) = (A(¢) + B(¢)K(r)) x(¢)dt is uniformly exponentially stable.
Similarly, the pair (C4(¢),Aq(?)) is assumed detectable. Hence, there must exist a
bounded matrix-valued function L;() so that dx;(t) = (Aq(t) — Ly(t)Cqa(2)) x4(2)dt
is also uniformly exponentially stable.

Associated with the admissible (x(-),x40(-);u(-)) is performance appraisal of a
finite-horizon integral-quadratic-formcost J : R"x<R"x Li‘% (Q;6([t0,1/);R™))—R*

T(x0,xg03u(+)) = (2(ty) —za(t))" Qp(2(ty) — zalty))

[0 - 24(0) QD) (1) — 2a(1) + 4 (DR(Du(Ddr,

fo

(4.5)

where the design parameters Qy € R™", Q € € ([tp,t7];R"™*") and invertible R €
% ([to,t7];R™*™) are deterministic, symmetric, and positive semidefinite relative
weighting of the terminal state, state trajectory, and control input.

In view of the linear system (4.1)—(4.2) and the quadratic performance mea-
sure (4.5), admissible control laws are therefore, restricted to the linear mapping
v+ lto,tg] X L, (256 ([to,tsR")) x L2 (€ ([to, t7]s R")) = L, (€25 ([to,1]; R™))
with the rule of actions

u(t) = y(t,x(t),x4(1)) £ Ke(£)x(t) 4+ Ky, (£)xa (1), (4.6)

where the deterministic matrix-valued functions K, € € ([to,7;R"*") and K., €
% ([1o,17];R™*"d) are, respectively, the admissible feedback gain and the feedfor-
ward gain on the reference model states from restraint sets which are yet to be
defined. To convert the stochastic servo problem to a stochastic regulator problem,
it requires to define augmented state variables and system parameters

X, 2 * D Xg0 = *0 AR A+ BK; BK,, G2 G
Xd Xdo 0 Aq 0
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together with the state and terminal penalty weightings

N A [ C'OC+ K] RK —CTQCd—l—KfRde]'
a — 9
—CYOC+K! RK, CIQCq+KTRK,,

[I>

O [CT(ff)QfC(ff) _CT(tf)Qde(tf)],

—Ci (1) QfClt5) Cl(17)QfCalty)

which thus lead to the equivalent performance measure of Eq. (4.5)
1y
T0a0: K (). Koy () = XL (0)Q at )3t ) + /t A (ON(Dra(1)dT (A7)
0
subject to the augmented system of Eqs. (4.1)—(4.4)

dxg(t) = Ag(t)xa(2)dt + Go(2)dw(r),  x4(t0) = Xa0- 4.8)

As previously established by Chaps.2 and 3, the following result contains an effi-
cient and tractable procedure for calculating all the performance-measure statistics
of any order that completely capture the performance uncertainty of the augmented
stochastic system (4.7) and (4.8).

Theorem 4.2.1 (Performance-Measure Statistics). Suppose that (A,B) is uni-
SJormly stabilizable and (Cq,Aq) is uniformly detectable. The kth-order statistic of
the chi-squared performance measure (4.7) is given by

ki = X0 Ha(10,k)xa0 + Dalto, k), k€ Z7, (4.9)

whereby the cumulant-generating components H,(T,k) and D,(t,k) evaluated at
T =t satisfy the cumulant-generating equations (with the dependence of H,(7,k)
and D,(7,k) upon K, and Ky, suppressed)

d%Ha(r, 1) = —Al(1)H,(1,1) — Ha(1,1)Au(T) — Na(7), (4.10)

-2 mHa(T=S)Ga(T)WG£(T)Ha(r,r— 5), 2<r<k,

@.11)

(%Da(r, r) = —Tr{H(7,r)G.(T)WGL(1)}, 1<r<k (4.12)

with the terminal-value conditions Hy(ty,1) = Qya(ty), Ha(ty,r) =0 for2 <r <k,
and Dy(ty,r) =0 for 1 <r <k.
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Roughly speaking, this computational procedure now allows the incorporation
of classes of linear feedback strategies in the statistical optimal control problems.
Moreover, these performance-measure statistics or cost cumulants (4.9) are further
interpreted in terms of variables and system parameters of the original servo problem

K = x0 HYy (to)x0 + 2x¢ HYy (t0) 20 + 26 H (10)z0 + D (t0), k€ Z*F (4.13)

provided that the matrix partition is of the form

_ | Hiy(r) Hiy(7)
Hy(t,r) = (HET (1) H(7) | 1<r<k (4.14)

from which the components {H{, (T)}];:l, {H{z(r)} _-and {H},(7 )} _, implicitly
depend on K, and K,, and satisfy the backward-in-time matrix-valued differential
equations

%Hh(f) = —[A(1)+B(0)K(7))" H{, (1) — H}, (1) [A(7) + B(7) Ky (7)]
— K[ (D)R(1)K (1) - C" (1)Q(7)C(1), (4.15)
C%Hﬁ(f) = —[A(1) + B(v)K(7)]" H}, (1) — HY, (1) [A(7) + B(7) Ky (7)]
r—1
-3 ﬁHﬁ(T)G(T)WGT(T)H{I’S(r), 2<r<k, (4.16)
s=1"°" :
%Hfz(f) = —[A(7) + B(t)K.(7))" H5 (1) — H}, (1)B(7)Ky, (7) — H}5(7)Ag(T)
— K{ (1)R(T)K, (1) +C" (1)Q(7)Cu (), (4.17)
d%Hfz(T) = —[A(1) + B(t)K.(7)]" H{, (1) — H}, (1)B(7)Ky, (T) — H5(T)Aq(T)
i H11 (T)G()WGT (0)H[;*(1), 2<r<k, (4.18)
ddTsz( T) = —A§ (T)sz(f) — H},(1)Ag(7) — K (1)B" (1)H |5 (1)
— (Hiy)" (1)B(1)Ky, (1) — K (T)R(7)Ky, (T) — Cf (7)Q(7)Ca(7),
(4.19)
d

drHZZ( T) = —Ag(T)Hzrz(T) — H3,(1)Ad(T) — KJZ (T)BT(T)lez(T)

r—s

r—1 !
~ ()" (OB(OK (0) = 3 o (i) (GG (H](2)
(4.20)
d

ED’(r) = —Tr{H{,(1)G(1)WG" (1)} 4.21)
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with terminal-value conditions H}, (t7) = CT (t;)Q¢C(t/), Hll( )=0for2 <r<k;

f
Hi(ty) = =C"(t7)QrCalty), Hiy(ty) = 0 for 2 < r <k; Hy (1) = Cg (t7)QsCalty),
Hl,(tf) =0for2<r<kandD'(ty) =0for 1 <r<k.

4.3 The System Control Problem

In an attempt to describe or model performance uncertainty, the essence of infor-
mation about these higher-order performance-measure statistics of Eq. (4.7) is now
served as a source of information flow, which will affect perception of the problem
and the environment at the design of feedback controller with risk consequences.
This consideration therefore makes statistical optimal control problems herein
particularly unique as compared with the more traditional dynamic programming
class of investigations. In other words, the time-backward trajectories (4.15)—(4.21)
should be considered as the “new” dynamics by which the resulting dynamic
optimization of Mayer type [8] therefore depends on these “new” state variables
H{,(7), H{,(7), H},(7) and D’(7), not the classical states x(z) as the people may
often expect.

For notational simplicity and compact formulation, it is required to introduce the
convenient mappings to denote the right members of Eqs. (4.15)—(4.21)

ylrl . [t07tf] X (Rnxn) X Rmxn — Rnxn

ylrz . [lo,lf] « (R”X"d) o RIXN s RMXNG |y, R"X”d7

Ty« to,t7] x (R )k o (RPa Yk RImXNa oy RAG*
(

@G [l(),lf] X Rn)
with the rules of action

Fli(1, 7601, Kx) £ ~[A(1) + B(DK(0)]" A4} (1) — 4} (1) [A(7) + B(1)Kx (1))
~ K (DR(1)K:(1) ~ €T (1)Q(1)C(7),
F1(1,71,K:) £ —[A(1) + B(1)K:(7)]" S (1) = 747 (1) [A(T) + B(T) K (7))

r—1 7l
=T S AR GG (AT 0)

—15
Fy(1, 702, K, Kyy) £ —[A(T) + B(DK:(0)]" 34 (1) — 74} (D)B(0)Ky, (7)
= H5(1)A4(1) = KL (DR(D)Ky, (1) + CT (1) Q(7)Ca (7).
T, 02, K Ky) £ —[A(7) +B(0)K:(0)] A5(7) = A (7)B(0)Ky, (1)
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T (0,50, Hi2,Kx,) & —A{ (0) A5 (1) — Aoy (T)Aa(7)

— K}, (0BT (0)745(7) — (435)" (1)B(0)Ky, (7)

— K}, (DR(0)Ky, (7) = Cf (1)0(7)Ca(7),
T (0,0, Hi2,Ky,) & —A{ () A5 (T) — A5 (T)Aa (1)

— K, (0BT (0)735(1) — (435)" (1)B(0)Ky, (7)

—l r!
-3 o A @OWE (0.5 @),
(1, A) & T A (DGRWE (1)},
where the components of k-tuple variables J# |, 7,2, 7%, and 2 defined by
Hy(-) £ (A5(), - 5()), D) E(D(),-., D)

provided that each element 7 € €' ([ty,t¢;R™"), 45 € €1 ([to,17];R""4),
Ay € €([to,t7);R™*™) and 2" € €' ([to,t7);R) have the representations
H () ZHY (), H5() £ H (), H55() & Hyy(-) and 27 (-) = D' (:).

Further on, the product mappings that are bounded and Lipschitz continuous on
[to,1¢] of the dynamical equations (4.15)—(4.21)

Fir sl x (R RPN o5 (RO
Fip [l‘o,tf] X (Rnxnd)k w R s RN (Rnxnd)k7
F [to,tf] X (R"dxnd)k « (Rnxnd)k « RMXMd (R"dxﬂd)k7
G < t0.17] x (R™") s RY
in the statistical optimal control for servo problems have the rules of action given by

d

3 700(0) = Fu(n,01(0).K()), - A (i) = A4, (4.22)
d
G (1) = Fio(T.H60(0), Ke0) K (1), Holey) = A5, (423)

—«%”22(1')=922(77ﬁiﬁzz(f),ﬁﬁz(f),lfx(f)), Haty) = A, (4.24)

dT.@() G(t,7401(7)), D(ty) =Py (4.25)
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under the essential definitions

911é§111>< Xylku 912é§112><"'><3‘\1kza
T 2 Thx-x T, GEG x...xgk

and the terminal-value conditions

‘}ﬁfl = (CT(tf)QfC(tf)va e 70)7 jﬁfz = (—CT(tf)Qf'Cd(tf),O,...,0),

Recall that the product system uniquely determines 11, 1, #3;, and & once
admissible feedback and feedforward gains K, and K, are specified. Therefore,
it should be considered J#| = J4 (-, K\,Ky,), Hir = Hia2(-, K, Ky,), 50 =
6o (-, Ky, Ky, ), and 7 = (-, K, Ky,).

When measuring performance reliability, statistical analysis for probabilistic
nature of performance uncertainty is relied on as part of the long range assessment
of reliability. One of the most widely used measures for performance reliability is
the statistical mean or average to summarize the underlying performance variations.
However, other aspects of performance distributions, that do not appear in most
of the existing progress, are variance, skewness, flatness, etc. With that said, the
performance index with risk-value awareness in the statistical control problem can
now be formulated in K, and K, .

Definition 4.3.1 (Risk-Value Aware Performance Index). Fix k € Z" and the
sequence t = {y; > 0}%_, with y; > 0. Then for the given 3-tuple (f9,x0,%40),
the performance index with risk consequences for the stochastic servo systems is
given by

q)g . {IO} % (Rnxn)k % (Rnxnd)k % (Rndxnd)k X Rk — R+

with the rule of action

03 (10, 7411 (10), Hia(to), 752 (10), D (t0)) = iK1 + UKy 4 -+ Uy K
N~ | -
Value Measure Risk Measures

k
=Y u [xg A (10) %0 + 20 75 (10)Xd0 + X o755 (10) X0 + @’(to)} , (426)
r=1

where additional parametric design of freedom p,, chosen by risk-averse controller
designers, represents different levels of robustness prioritization according to the
importance of the resulting performance-measure statistics to the probabilistic
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k
r=1°
{ 2’2(1)}/;:1, and {Z"(7)}*_, evaluated at T = #, satisfy the dynamical equa-

tions (4.22)—(4.25).

performance distribution. And the unique solutions { lrl(‘c)}f: 105 (7) )

It is worth to observe the performance index (4.26) adopts a new and comprehensive
optimization criterion which introduces additional parametric design of freedom in
the class of feedback control laws that will then result in a broad class of problem
solutions as one can directly derive from these solutions to other related results in
LQG and risk-sensitive control problems. More importantly, the ultimate objective
here is to introduce a competition among performance-measure statistics as they
directly influence on the performance distribution of Eq. (4.5).

Definition 4.3.2 (Admissible Feedback and Feedforward Gains). For given ter-
minal data (z/, Jﬁfl , Jﬁfz, Jﬁg ,27), the classes of admissible feedback and feedfor-
ward gains are defined as follows. Let compact subsets K, C R™*" and K, C R"™*"
be the sets of allowable gain values. With k € Z* and sequence u = {1, > O}Ir‘:1 and

. . . Xd
Hy > 0 given, the sets of admissible 2~ . . . and 7 . .
Y Ay A, DT Ay Ay P

are the classes of €'([tg,17]; R™*") and € (|19, 1¢]; R™*"¢) with values K,(-) € K, and
K, () e K. , for which solutions to the dynamical equations (4.22)—(4.25) exist on
the finite interval of optimization [to,#/].

The development in the sequel is motivated by the excellent treatment in [8] and
is intended to follow it closely. Because the development therein embodies the
traditional end-point problem and corresponding use of dynamic programming, it
is necessary to make appropriate modifications in the sequence of results, as well as
to introduce the terminology of statistical optimal control.

Definition 4.3.3 (Optimization Problem of Mayer Type). Suppose that k € Z"
and the sequence U = {y, > 0}';:1 with p; > 0 are fixed. Then, the opti-
mization problem over [f,?s] is defined as the minimization of the performance

index (4.26) of Mayer type with respect to (K,K,) in &~ . X
o (4260 of Maer pe wilh fespect 0 (oK) I 2o g o

d . . . .

A A A 9 and subject to the dynamical equations (4.22)—(4.25).

To embed the aforementioned optimization into a larger optimal control problem,

the terminal time and states (q,%ﬁ"{ ,%ﬁé,%@g,@f) are parameterized as

(&, 201, %12, %, %) through the help of a reachable set.

Definition 4.3.4 (Reachable Set). Let the reachable set 2 = {(e, i,
D2, P, Z) € [to,t7] x (RVME x (Rmayk o (Rraxmayk 5 R guch  that
X

Xd

ol apf apof . P 5 If -
tp A A A D T 1 A A 9

Therefore, the value function for this optimization problem is now depending on
parameterizations of the terminal-value conditions.
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Definition 4.3.5 (Value Function). Suppose (&,%11,%12,%», %) € [to,1f] X
(R™m)k . (Rna)k . (Rma*na)k » RF be given. Then, the value function
7/(87@117@/127%27%) is defined by

V(&,, %2, %0, %) = inf @ (10,741 (t0), 2 (1), 7652 (t0), 2 (10))-

K ka-,de €kK;

It is conventional to let ¥ (&, %11, %12, %5, %) = 4+ when 7~ X
(&: i1, Fia, P2, Z) G Ay e D
Xd
R S —_ N
By adapting to the initial-cost problem and the terminologies present in statistical
optimal control, the Hamilton-Jacobi-Bellman (HJB) equation satisfied by the value

function is derived from the excellent treatment in [8].

Theorem 4.3.1 (HJB Equation for Mayer Problem). Let (¢,%1,%2,%52, %)
be any interior point of the reachable set 2 at which the value function
V (e, 1, 2,%52,%) is differentiable. If there exist optimal gains K €

H and KX € ¢ . , then the partial differential
ot g ot T S Pyl 90 P i

equation of dynamic programming

is empty.

0= min {ivf(e,@ll,%,%z,f)

KecKy. Ky K. | O€
+%@11)"//(8,@11,@12,%2,g)V30(g\11(gv%l,Kx))
+%@u)%(e,%,%,%,%vec (Fia (e, %0 Ko Ky,))

+ 8vec(z%2)7/(&@117@/12,%275)%0 (22 (8,922, %12,Ky,))
bt (e 0 B B 2 ) vec (9 (e, 0) | 427)

is satisfied. The boundary condition of Eq. (4.27) is given by

Y (to, 41(t0), 42 (1), 752 (10), 2 (1)) = &5 (to, H11(t0), H2(t0), 7532(t0), 2 (t0)).

Proof. A rigorous proof of the necessary condition herein can be found in [9]. O

Theorem 4.3.2 (Verification Theorem). Fixk € Z" andlet W (e, %11, %2, %2, %)
be a continuously differentiable solution of Eq. (4.27) which satisfies the boundary
condition

W (to, 11 (t0), H2(t0), #52(t0), Z(t0)) = 9 (t0, 711 (10), A2 (10), 752 (10), Z (10))-
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P ol of\ e o . P
Let (ty, 77,76, 76,,27) be in 2; (Ki,Ky,) 2-tuple in t%;fw%fl.,fiﬁéa%éa@f;ﬂ X

Xd . I —
Ji;f-,jf]{-,jf]év%fza@f;”’ JAQ, Ha, 5y and D the solutions of Egs. (4.22)—(4.25).

Then, W (1,74 (7), #42(7), #52(7), 2(7)) is a time-backward increasing function
X4

of T. If (K} ,K} ) isin A~ x4 defined on [ty,t
(K5 K50 tp A AL AL DI T 1 A AL AL D o, 7]

with the corresponding solutions J€}, 5, 75, and D* of the dynamical
equations (4.22)—(4.25) such that, for T € [ty, 1]

0= 20 (¢, 51 (2), A35(2), A5(2), ()

+ WV/(T,%?(T),%E(T),%E(T), 9*(7))\’60(‘?11(Tw}iﬂl*l(r)vK;(T)))
vec(Z1)

N 0
dvec(2)

xvee(Fa (T, #43(7), K (7), Ky, (7))

+8v+(€y22)7/(7’ 11(7), #05(1), #33(7), 7° (7))

x vee(Fn (T, #5(7), #13(7), K5, (1))

. d
dvec(Z)

W (7, 741(7), 205(1), 755(1), 7°(1))

W (1, 701(7), H05(7), 5 (7), 77(7))vee(¥ (7,41 (7)) (4.28)

then K and K3 are optimal feedback and feedforward gains. Moreover,
W (&, 1, %2, %0, 2) =V (6,21, %2, %0, %) (4.29)
where V' (€,211, %12, %52, %) is the value function.

Proof. Tt is already contained in the rigorous proof of the sufficiency with the
essential conditions aforementioned from [9]. O

4.4 Statistical Optimal Control Solution

Interestingly enough, the dynamic optimization under investigation herein is in
“Mayer form” and can therefore be solved by an adaptation of the Mayer-form
verification theorem of dynamic programming given in [8]. In conformity of
the dynamic programming framework, it is required to denote the terminal time
and states of a family of optimization problems by (&, %11, %12, %5, %) rather
than (1, %ﬁ'{ , %ﬁé, %z’;, 27). Subsequently, the value of the optimization problem
depends on the terminal conditions. For instance, for any € € [fy,#/], the states of the
equations (4.22)—(4.25) are denoted by J41(g) = %11, Hi2(€) = o, H5o(€) =
%, and 9 (€) = % . Then, the quadratic-affine nature of Eq. (4.26) implies that a
solution to the HJB equation (4.27) is of the form as follows.
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Fix k € Z* and let (¢, 211, %12, %52, Z ) be any interior point of the reachable set
2 at which the real-valued function % (&, %11, %12, %2, %) described by

k
W (&, %1, %2, %2, 2 ) =X ZIJr (7 + &1 (e ))XO+2ngur(%ﬂ?{z(e))xfw

r=1

k k
+ X (274 T (€)) +xdo D, Mr( P+ E35(€))xao
r=1 r=1
(4.30)

is differentiable. Notice that the time-parametric functions &7; € €1 ([to,1/];R™"),
&1, € €' ([to,17]sR™"), &3, € €' ([t0, 1] R"*™), and T7 € €' ([to,17]; R) are yet
to be determined. Next the derivative of # (e, %11, %12,%52, %) with respect to €
can be shown as illustrated in [9]

d
EW(87%17Q/127%27§ _-xO Zur fg.ll € @117 )+ (’7@11( ))

r=1

d
—&15(€))xa0

k
+2Xg Z Nr(‘gzlrz (85%27[()(;]()%{) + de

r=1

k
d
+'x50 z ””(332(87 %27 %Z,de) + d—géazrz(&'))xdo

r=1

k d
+ 2 (G (&, P0) + 3 T () (4.31)

provided that the admissible 2-tuple (Ky,Ky,) € Ky x K.
Replacing the candidate solution of Eq. (4.30) and the result (4.31) into the HIB
equation (4.27), one obtains

min {Xo ZIJr F11(€,21,K, )+ éau( €))xo
(KoK )eKexKy, | 2

d
—&1(€))xa0

k
+ zxg Z .ur(jlrz(ga %Z;KJHKX‘]) + dg

r=1

k
d
+'x50 z ””(332(87 %27 %Z,de) + d—gé%rz(&'))xdo

r=1

+Zu, (&, 21 + 5 T( ))}zo. (4.32)
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Differentiating the expression within the bracket (4.32) with respect to K, and K,
yields the necessary conditions for an interior extremum of the performance index
with risk consequences (4.26) on [19,7]. In other words, the extremizing K, and K,
must be

k
Ki(e,%1) = —R '(e)B" (e) Y, ), (4.33)

k
Ky (%) =—R '"(e)B (&) X %5, Mr=p /. (434)

In view of Eqgs. (4.33) and (4.34), the value of the expression inside of the bracket
of Eq. (4.32) becomes

Zur 26i(e Zur% Zur% (€) = mCT (e)Q(e)C(e)

r=1 r=1

k k k k
+ Y LTBER (B () Y wZ + Y i Be)R ()87 (6) Y, A,

r=1 s=1 r=1 s=1

k
—HIZﬂr@ﬁB(E)Ril( ZIJs@u X0+ 2x) Zur 512()

r=1 s=1

k k k k
—A(e) D WP = Y P hAa(e) + ), a21B(e)R " (¢)B (¢) D

r=1 r=1 r=1 s=1

k
+ 2 127 B( Z +Ds+nCT ()Q(e)Cale)
r=1 r=1

k
—/«uZur% Z

r=1
i f 2" s GeWGT (e)F | xgo+ 47 i d or e)
_ _ oo x —
r:ZIJrszls!(r_s)! 1 12 | Xdo T Xgo rzlli de °22

>~
=~

k k
—Ag(e) D Py — D W PhAa(e) + Y a2)5B(e)R (e)B (e) z Hs 1

r=1 r=1 r=1 =

>~

k
+ Z,lur(%’z)TB(E)IT1 (€)B' (¢) Z 05 — G (€)Q(e)Cale)

M»

k
—H1 Y Q25B(e)R ' (€)B" (e) 3, (75
r=1

Il
.

s
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—Zmz

H(25) GeWGT () | xao
r=2 s= ls' )

+2urd£9‘r ZlurTr{% (e)WG (e)}. (4.35)

The minimum of Eq. (4.35) equal to zero for any € € [tg,17] when %}, %};, %3, and
Z" evaluated at the time-backward differential equations (4.22)—(4.25) requires that

i L4 () = A7 (e) 1} (6) + A\ (£)A(e) + € (£)Q(e)Cle)

k
— X bt (e)B(e)R ™ (e)B' (e) A} (e) — A1 (e)B(e)R ™' (e)B (e)

k k
X Zlﬁr%(s) + Ziﬂr%ﬂﬂ (e)B(e)R™'(¢)B (¢) ;ﬂs%ﬂﬁ (€),
. . . (4.36)
—&71(¢) (€)1 (¢) 11(€)A(e)
k
—Ziﬁr%”ﬂ(s)B(f)R (e)B" ()7 (¢)
k
— 7 (€)B(e)R ' ()BT (¢) ;ﬁs%ﬂﬂ (¢)
= r!
X GV (0 (), (437
dgglz( ) = AT (e).75 (e) + A5 (e)Aa(e) — CT (€)Q(€)Cule)
= o R™'(e)B" (¢) 5 (e) — A (e)B(e)R " (e)B ()
k k
x> Zlu 71 (€)B(e)R ™! (€)B" ( );ljvf%ﬂlsz(g)v
. (4.38)
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P X GG (€ ), 439

r=1
k k
+ X B A(e)BER ()BT () Y. s A e), 440)
r=1 s=1
= Eh(e) = AL (e) A5 () + A (E)Ag(e)
k
- SRR (B (€) i)

) (e)G(e)WGT (€)% (¢), (4.41)

d
E?’(e) =Tr {4, (e)G(e)WG" (¢)}. (4.42)
The boundary condition of % (&,%11,%12,%4,%) implies that the initial-value

conditions &7 (19) = 0, &/5(t) =0, &5,(t9) =0 and T "(1p) = 0 for the forward-
in-time differential equations (4.36)—(4.42) and yields a value function

W(e, 1,20, %0, %) =7V (e,%1,%2, %0, %)

k k
=x0 X, A (t0)xX0 +2x0 X, trH5(10)Xa0

r=1 r=1

k k
+x§0 2 M35 (0 ) X0 + 2 w2 (1)

r=1 r=1
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for which the sufficient condition (4.28) of the verification theorem is satisfied so
that the extremizing gains (4.33) and (4.34) become optimal

k
Ki(e)=—R"'(e)B" (e) ;ﬁr i (&),

k
K (€)= R @8 (6) Y A3 e).

Theorem 4.4.1 (Risk-Averse Control Solution for Servo Problems). Under the
assumptions of (A, B) uniformly stabilizable and (C4,Aq) uniformly detectable, the
servo dynamics governed by Eqs. (4.1)—(4.2) follow the desired trajectory of the
system (4.3)—(4.4) in accordance of the chi-squared measure of performance (4.5).
Suppose k € Z" and the sequence i = {{, > 0}%_, with y; > 0 are fixed. Then,
the statistical optimal control solution for the servo problem over [ty,ty] is a two-
degrees-of-freedom controller with time-varying gains

u'(t) = Ky (0)x"(t) + K¢, ()xa(t), t=to+1tp—1, (4.43)
k
Ki(t)=—R"'(0)B" (1) Y, f, 7 (), (4.44)
r=1
k
K; (1) =—R'(0)B" (1) Y, .55 (), (4.45)
r=1

whereby {1, = U,/ represent different levels of influence as they deem important
to the performance distribution.

There is the addition of a feedforward part, which is the state x, of the reference
model (4.3)—(4.4). The feedback part of the optimal servo is dependent on Aq, Cy,
and x4(ty). Finally, {%q*(f)}le, and {%5*(1)}1;1 are the optimal solutions of
the backward-in-time matrix-valued differential equations

%%1{‘(1) = ~[A(D)+BOK (D) AV (1) - A1 (1) [A(7) + B(DK{ (7))
— KT (DR(DK; () - C(1)Q()C(7), (4.46)

d%«f”fi’f‘(r)=—[A(r)+B(r)K:(r)]T i1 (1) = AT (1) [A(7) + B(7)K; ()]
- 2!

-2

s=1

Hi(0)G()WGT (1) H! (1) (4.47)

sl(r—s)!
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and
d%«%”llz*(f)z [A(7)+ B(1)K; (1)) 4y (v) — A4 (1)B(1)KS, (1)
— A5 (1)Aa(1) — KT (T)R(7)K;, (1) + CT(1)Q(1)Ca(T),  (4.48)
d%%irz*(f)z [A(7) + B(1)K; (1)) 45 (1) — A7 (1)B(1)KS, (1)
- 2 o OGEWET (O (7)
- (4.49)

whereby the terminal-value conditions J,\* (t7) =

CT(t)QsClty), A (ty) =0 for
2 <r<kaswellas 75 (t;) = —CT (t;)QsCalty), H45

(tr) =0for2 <r<k

4.5 Chapter Summary

The results here demonstrate a successful combination of the compactness offered
by logic from the state-space model description (4.7)—(4.8) and the quantitativity
from a-priori probabilistic knowledge of adverse environmental disturbances so that
the uncertainty of performance-measure (4.7) can now be represented in a compact
and robust way. Moreover, there is a feature of interactive learning in the context of
performance uncertainty where the servo controller not only optimizes criteria for
evaluating for its performance but also interacts with the external environment. To be
specific, the model-reference system (4.8) consists of a statistical controller plus the
stochastic elements. It is assumed that the statistical controller has a finite set of
performance-measure statistics, while the stochastic elements have a finite set of
sample path realizations. The optimal statistical controller composed of cumulant-
based feedback (4.44) and feedforward (4.45) gains that operates dynamically on
the time-backward histories of the cumulant-supporting equations (4.46)—(4.47) and
(4.48)—(4.49) from the final to the current time. Finally, the present framework
emphasizes the amount of information in performance-measure statistics (which
actually are functions of noise process characteristics) needed to implement a risk-
averse learning rule that effectively shapes the closed-loop performance distribution
beyond the long-run average performance. The results also stress on the limits of
what can be achieved: in such robust control ,designs there exists a kind of statistical
controllers (4.43) that trades the property of certainty equivalence principle as would
be inherited from the special case of classical linear-quadratic tracking, for the
adaptability to deal with uncertain environments.
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Chapter 5
Risk-Averse Control Problems
in Model-Following Systems

Abstract This chapter considers performance information in a linear-quadratic
class of model-following control systems. The innovative idea is the fact that
performance information with higher-order performance-measure statistics can
improve control decisions for closed-loop system performance reliability but the
controller design can also be computationally involved. Many of the results entail
measures of the amount, value, and cost of performance information, and the
design of model-following control strategy with risk aversion. It becomes clear that
the topic of performance information in control is of central importance for future
research and development of correct-by-design of high-performance and reliable
systems.

5.1 Introduction

Almost all the designers of control systems have included “information process”
and “decision process” in their designs as separate items, although many have
pointed out that there is no clear-cut separation between these two processes, e.g.,
the former provides data for the decisions taken by the latter. Most of the work
in traditional control theory and stochastic control theory focuses on the design
of a decision process in which the information process is either given or chosen
arbitrarily. The present research investigation is concerned with the information
process which should now be exploited and thus interpreted as “to forecast and
provide means examining the future system performance and devising the risk-
averse plan of action for performance reliability.”

In the recent work [1], the class of decisions implementing risk-averse control
strategy pertains to stochastic servo systems on a finite horizon. The novel controller
concept was dependent upon the performance information to establish a two-
degrees-of-freedom description of desired feedback and feedforward actions for
minimal differences between reference and system outputs and trade-offs between
risks and benefits for performance reliability. Yet, the results therein were related

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 67
SpringerBriefs in Optimization, DOI 10.1007/978-1-4614-5079-5_5,
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well with the extensive literature on tracking and feedforward control design
problems such as the earlier works of [2—6], just to name a few whose standards
have mainly been long-run average performance.

In this chapter, some important results that are new in stochastic control
of model-following systems are organized as follows. Section 5.2 characterizes
performance uncertainty and risk subject to underlying stochastic disturbances
as applied to the problem of structuring and measuring performance variations.
Section 5.3 is devoted to the problem statements in model-following systems.
It shows a new paradigm of thinking with which the dynamics of cost cumulants can
be incorporated into reliable control design with risk-value preferences. Section 5.4
presents a complete development of risk-averse control strategy with the three-
degrees-of-freedom structure within which the system not only follows the outputs
of the reference model driven by a class of command inputs but also takes into
account of performance value and risk trade-offs. Conclusions and future outlooks
are also in Sect.5.5.

5.2 Performance Information in Control with Risk
Consequences

Let (2, ,F,P) be a complete filtered probability space over [f,s], on which
a p-dimensional standard stationary Wiener process w(-) with the correlation of
increments E {[w(7) —w(&)]w(7) —w(&)]"} = W]t —&| and W > 0 is defined
with F = {.%; },>4,>0 being its natural filtration, augmented by all P-null sets in .%.
Let us first consider a class of stabilizable systems described by controlled stochastic
differential equations with the initial system states x(fy) = xo known

dx(t) = (A()x(t) + B()u(t)) dt + G(1)dw (1), (5.1)

whereby the continuous-time coefficients A € € ([to,1]: R"*"), B € € ([to,1]; R™™),
and G € € ([to,17]; R"*?). In the above, x(-) is the controlled state process valued in
R" and u(-) is the control process valued in some set U C R™. The output involves
some functions C € €([to,1¢];R™"), relating y(-) to the values of the manipulated
process x(+)

y(t) = Ct)x(t). (5.2)

In model-following control design, the desired behavior of the output (5.2)
is expressed through the use of a reference model driven by a reference input.
Typically linear models are used. For instance, a reference model is of the form

dzi (1) = (A ()21 (¢) + By (t)u,(t)) dt, z1(f0) = z10, (5.3)
yl(t) ZCl(l)Zl(t). 5.4
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This reference model is asymptotically stable when u,(-) = 0 and it is controllable
with respect to the reference input u,(-). Furthermore, the reference input u,(-),
valued in U, C R™, which is also known as the command output of the class of
zero input responses of the system

dza(t) = Ax(t)za(2)dt, 22(to) = 200, (5.5)
ur(t) = Ca(t)z2(1), (5.6)

whereby some knowledge of continuous-time coefficients A; € € ([to,#¢]; R™*"1),
By € € ([to,t7];RM ™M), Cy € € ([to, t7]; R™" ) together with Ay € € ([tg, ]; R"2*"2)
and C, € € ([to,17]; R™*"2) are required.

The purpose of the model-following control design is to use the control process
u(+) to force the output process y(-) to track the desired process y; () in spite of the
disturbances w(-) and without dependence on the initial states xq. Associated with
the admissible initial condition and control input (t,xo;u) € [to,17] x R" x U is a
finite-horizon integral-quadratic-form (IQF) cost J : [1o, tf] x R"x U — R* used for
matching of the outputs

J(to,x03u) = (y(ty) = y1 ()" Qr(y(tr) — yi(ts))
[ [(y(7) = y1(2))" Q(7) (%) — y1 (7)) + " (T)R(T)u(7)]dT,

fo
5.7

where the terminal matching penalty Q¢ € R”, matching penalty Q € € ([to,7¢];R"),
and the control effort weighting R € € ([tg,1];R™) are symmetric and positive
semidefinite matrices with R(¢) invertible.

Notice that the model-following problem (5.1)—(5.7) is linear quadratic in nature,
the search for closed-loop feedback laws is reasonably restricted within the strategy
space which permits a linear feedback synthesis, e.g., y: [fo,7f] X R" — U

u(t) £ y(t,x(t)) = Ke(£)x(t) + Kz, ()21 (2) +v(2), (5.8)

where v(-) € V. C R™ is an affine control input and while the elements of
K. € € ([to,t7];R™") and K, € € ([to,t7];R™ ") are admissible feedback, and
feedforward gains defined in appropriate senses.

Henceforth, for the admissible initial condition (fo,x0,210,220) € [fo.tf] X R" x
R™ x R"2 and the feasible control (5.8), the aggregation of Eqgs. (5.1) and (5.3) is
described by the controlled stochastic differential equation

dm(t) = (Au(t)m(t) + Ba(t)v(t) + I (t)u,(¢)) dt + G, (2)dw(t), m(tg) =mgy  (5.9)
with the performance measure (5.7) rewritten as follows
.
7= (1) Qgamlty) + [ [ (1)0u(xm(x)
0

+2m" (T)N,(T)v(7) +v" (7)R(T)v(7)] d1, (5.10)
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whereby the aggregate state variables and continuous-time coefficients are given by

—x} {xo} A+ BK, BK;, [B}
m= mO: I A(l: ) B(l:
LZ1 210 0 Ay 0

[0 G CT(15)QsC(ty) —C"(1r)QsCi(t5)
L=|pg | Ge=|,| Cr=| .

L 51 —Cy (t7)QfC(tr) Cy(tr)QrCi(ty)
N K'R CTQC+KI'RK, —C"QCi+K!RK,,
* kTR | ~cloc+KIRK, CIOC, +KIRK,

So far there are two types of information, i.e., process information (5.9) and
goal information (5.10), which have been given in advance to the controller (5.8)
Since there is an external disturbance w(-) affecting the closed-loop performance,
the controller now needs additional information about performance variations. This
is coupling information and thus also known as performance information. The
questions of how to characterize and influence performance information are then
answered by adaptive cost cumulants (also known as semi-invariants) associated
with the performance measure (5.10) in detail below. Precisely stated, these cost
cumulants can be generated by parameterizing the initial condition (fy,mg) to any
arbitrary pair (7,mz). Then, for the given affine signal v, admissible feedback K,
and feedforward K, the performance measure (5.10) is seen as the “cost-to-go”,
J (t,m¢). The moment-generating function of the performance measure (5.10) is
defined by

@ (t,me;0) = E{exp(6J (1,mz))}, (5.11)
whereby the scalar & € R™ is a small parameter. Thus, the cumulant-generating
function immediately follows

¥ (t,me;0) = 1n{@(7,me;0)}, (5.12)

whereby In{-} is a natural logarithmic transformation.

Theorem 5.2.1 (Cumulant-Generating Function). Let the system be governed by
Eqgs. (5.9)—(5.10). Let the sequel definitions be as follows:

¢ (1.m5:0) £ p, (1,0) exp {m! (7, 0)me +2min,(7,0)}
0, (1,0) £1n{p,(7,0)}, O€R', 1€,/
Then, the cumulant-generating function is computed as
v(t,me;0) =ml Y, (t,0)me +2min,(z,0) + va(1,0) (5.13)

whereby the cumulant-supporting variables Y,(,0), N.(7,0) and v, (7,0) solve
the backward-in-time matrix-valued differential equation
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—Y(7,0) = —AL (1)Xa(7,0) = Yo(7,0)A4(T) — 6Qu(7)
—2Y,(7,0)Go(TD)WGL (1)Y(7,0), Yaltr,0) =0Qs  (5.14)

the backward-in-time vector-valued differential equation

T0(5,0) = AL (2)14(7,0) ~ T (5, 0)Bo(2)v(5)

—Yo(7,0)L(7)ur(7) — ONo(T)v(1), Ma(17,6) =0  (5.15)
and the backward-in-time scalar-valued differential equation

d

T Vo (7,0) = —Tr {Y(7,0)Ga (r) WG] (1) } — OV" (T)R(T)v(T)

—an(l',9)(Ba(T)V(T)+I71(T)ur(T)), Va (tfae) =0. (5.16)

Proof. The proof is similar to those of the previous chapters and alternate work by
the author available at [7]. O

By definition, performance-measure statistics or cost cumulants for short that
provide performance information for the decision process taken by the model-
following control design can best be generated by the Maclaurin series expansion
of the cumulant-generating function (5.13)

=3

(t,ms; 0 2 K, 2

whereby k. are denoted as the rth-order performance-measure statistics or cost
cumulants associated with the chi-squared random variable (5.10).

In view of the cumulant-generating function (5.13), all the performance-measure
statistics that measure amount of information about performance variations in Eq.
(5.10) are obtained as follows

L

oo !’

v(t,mz;0)

r r
K'rzmg wra(l’,e) o Om1+2mr aagrn“( 0) 9:0_|_ wva(r,e) o’
For notational convenience, it is necessary to introduce
r ar
H,(t,r) = w]’a(r,e) o’ D,(t,r) 2 39/’70( ,0) o
ar
du(t,r) = o7 0,(7,0) o’ rezt.

Then, the next result whose proof has already been outlined as above, provides
measures of the amount, value and performance information structures.
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Theorem 5.2.2 (Performance-Measure Statistics). In spirit of the model-
following system (5.9)—(5.10), the kth-order performance-measure statistic
associated with the random variable (5.10) is given by

K = xLoHy (t0,k)Xa0 + 2x50Dy (10, k) + du(t0, k), ke Z* (5.17)

whereby the solutions {H,(t,r)}*_,, {Da(t,r)}*_, and {d.(t,r)}*_, evaluated at

r=1’ r=1

T = to satisfy the backward-in-time differential equations (with the dependence of
H,(t,r), Dy(t,r), and du(7,r) upon Ky, K|, and v suppressed)

(%_Ha(r, 1) = —-Al(2)H,(1,1) — H,(1,1)Au(7) — Qu(7), (5.18)

d
&Ha(r, r) = —Al(0)H,(t,r) — Hy(T,7)Au(7)

-2 s,(,—_'s)!Ha(TaS)Ga(T)WGZ(T)Ha(T,r—s), 2<r<k,
(5.19)

%Da(r, 1) = —Al(7)D,(7,1) — Hy(7,1)Ba(7)v(7) — Ha (T, ) (7)1, (T)

— Nu(T)v(7), (5.20)
%Da(‘c,r) — AT(D)Du(t,r) — Hy(t,r)Ba(t)0(7)

—Hy(t,n(t)u (1), 2<r<k, (5.21)
d

Eda(f, 1) = —Tr{Ha(T, I)Ga(T)WGZ(T)}

— 2D (7, 1)(Ba(1)v(7) + L(0)ur(7)) =V (DR(D)0(7),  (5.22)

d
=du(t,r) = =Tr{Hy(1.1)Gu (WG (1)}

— 2D} (1,r)(Ba(T)v(7) + L(Tur (1)), 2<r<k, (5.23)

where the terminal-value conditions Hy(tr,1) = Qfa, Hu(ty,r) =0 for 2 <r <k,
Dy(tr,r) =0for1 <r<kandd(t;,r)=0for1 <r<k

In the design of a decision process in which the information process about
performance variations is embedded with K, K|, and v, it is convenient to rewrite
the results (5.17)—(5.23) in accordance of the matrix and vector partitions

H(x) A 91’1@)]'

(5)" (7) H55(7)

H,(t,r) =
e [ 73,(2)

] and D,(t,r) = [
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Corollary 5.2.1 (Alternate Representation of Performance-Measure Statistics).
Let the model-following system be described by Egqs. (5.9)—(5.10). Then, the kth-
order performance-measure statistics of the chi-squared random variable (5.10) can
also be rewritten as follows:

Kie = X0 -3 (10)x0 + 20 45 (10)210 + 21075 (10) 210

+ DK(t0) + 23 D, (o) + 221, DK (1), ke Z* (5.24)

where the cumulant-supporting variables {Jflrl( )}Ir( p 165 (T )}r v 165 (T )}r 1

{9},( )}r v 195 (7 )}r pand {7 (T WYX, satisfy the time-backward differential
equations

d
&f%ﬂﬁ(f) £ F(r,41,Ky)

= —[A(1) + B(1)K:(7)]" A4} (7) = CT (1) Q(7)C (1)
— (1) [A(7) + B(1)K:(7)] — K{ (T)R(T)Ka(7), (5.25)

d
d_'f%’i(r) £ ‘g.lrl(rujﬁlaKx)

— — [A(R) + BO)K(0)]T 4 (7) — A5 () [A(%) + B(2)Ki ()]

—:1%%(%(1)%7@%1%1% (5.26)
SN 2 (e A, A KoK

— (A + BOK() H(7) - KL (DR(DK,, (1)

AN OBOK, (1) — A (D)A (D) +CT(D0(R)C (1), (5.27)

d
d_'f%’é(r) £ yer(ijﬁZvjiﬁlvixaKzl)

= —[A(D) + B(DK:(7)]" H55(7) — A3 (D)B(DK:, (1) = H5(1)A (7)
1

i 2r! s -
T~ s!(r—s)z"M‘ﬂl‘l(T)G(T)WGT(T)ﬁﬁz (1), (5.28)
d
&‘%12(1) é 9212(15‘%27%27[(“)

—A{ (1) 765(1) = 265 (DAL(7) - K ()BT (7). 73(7)

— (A35)" (D)B(1)K;, (1) — C] (1)Q(7)C1 (1) — KL (D)R(D)K, (1),
(5.29)
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d
&%E(T) £ 9{2(15‘%27%27K21)

= —A{ (1) 6)(7) = 55(1)A1 () — K, (0)B (1) 5(1)
— ()" (1)B(1)K:, (7)

= r!
_zﬁ(%f@m(r)wcﬁaﬂzS(r>,

!
d%@}l(r) 29 (1,211,741, 742, Ky,v)
= —[A(7) + B(D)K:(7)]" 2{1(2) = 41 (7)B(1)v(7)
— H05(0)B1(D)ur (7) = K{ (T)R(T)V(2),
S (@) 291,901, A1, Ao, Ko

= —[A(7) + B(D)K(1)]" 2}, (1) — 75 (1)B(1)v(1)
— 705 (t)B1(T)u (1), 2<r<k,

d
&9211(7) 24\ (1, P01, P11, 542, 762,Ky,,v)

= —K (1)B" (1) 24 (1) — (44)" (0)B(7)v(7)

AT (D) 231 (1) = #5(0)B1 (T)ur () — K (DR(T)v(7),

%%1(7) 29\ (1,Do1, D1, Hip, S K, V)
= —K;, (1)B" (1) 7], (1) — (45)" (1)B(0)v(7)
AT ()25, (1) = A55(D)B1 (Tur(1), 2<r<k,
d_‘L'gl (T) £ gl(l’,%l,@H @21 v)
= -Tr{ A4} (1)G(OWG (1)} —2(2],)" (t)B(7)v(1)
- 2(%11)T(T)Bl( T)ur (1) —v (T)R(7)v(7),
dir@r(‘i) £ gr(‘i,f%ﬁn,@u,@ﬂ,v)
= -Tr {1 (1)G()WG' (1)} = 2(2))" (1)B(7)v(7)
2T (0)B1 (T (1), 2<r<k,

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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whereby the terminal-value conditions are 7} (tr) = CT (t7)QsC(ty), 74 (ty) =0
for2 <r<k; H5(tr) = —C(17)QrC (1), A5 (ty) =0 for2 < r < k; S5 (17) =
Cl(tr)QsCi(ty). H55(tr) =0 for 2 < r <k; {(ty) =0 for L <r <k; 75, (1) =0
for1 <r<k; 2"(ty)=0for1 <r<k

And the components of the k-tuple variables 76|, 72, 762, P11, Doy, and D
are defined by

%lé('ﬁlluujﬁ]i)u %Zé(%1277jﬁg)’ %zé(%1277jiﬁ2§)
.@Ué(.@lll,...,.@{{]), _@21é(@211,,,,7@§1), ‘@é(gl""’@k)'

To anticipate for a well-posed optimization problem that follows, some suffi-
cient conditions for the existence of solutions to the cumulant-generating equa-
tions (5.25)—(5.36) are now presented as follows.

Corollary 5.2.2 (Existence of Performance-Measure Statistics). In addition to
asymptotically stable reference models, it is assumed that (A,B) and (A,C) are
uniformly stabilizable and detectable, respectively. Then, for any given k € N, the
backward-in-time differential equations (5.25)—(5.36) admit unique and bounded

solutions, e.g., {1 () }y_y {75 () by {55 (VYo AZ0 (DY {25 OV,
and {97 (") Ye_, on [to,t7):

Proof. The rigorous proof is deferred to the work by the author available at [7]. O

5.3 Formulation of the Control Problem

To formulate in precise terms for optimization problem in the model-following
control design, it is important to note that all cumulants (5.24) are the functions
of backward-in-time evolutions governed by Eqgs. (5.25)—(5.36) and initial valued
states x(fp) and zj(fp). Henceforth, these backward-in-time trajectories (5.25)-
(5.36) are therefore considered as the new dynamical equations together with state
variables {7} ()}, {74501 {76500} A2 Oy {251 ()} and
{2"(-)}*_,, and thus not the traditional system states x(-) and z; (-).

One can infer from the following mathematical definitions on product mappings

A g1 k A gl k A gl k
j“:jll)("'xegz“, J@\lz:ylzX"'xg\lz; j22:j22><"'><<j@\22,
GnE2G < xG, D ED < xD, GEG x. x gt

that the dynamical equations (5.25)—(5.36) can be rewritten compactly as

d
d—z_%df):yu(f,%hlfx)a «%ﬂll(ff):f%ﬂf{a (5.37)

d
3 0(1) = Fu(n A, A KoKy, Holly) = A, (5.38)
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d

5%2(7)29\22(7,%2,%2,&1)7 S (17) = ), (5.39)
d

d—fgn(‘i)2%1(7,911,%”11,%2,1&7\/), Dnlty) = 2}, (5.40)
d .
d—z_@m(f):%1(77921,911,«%”12,%2,1217V)7 @21(tf)=@{1, (5.41)

%‘@(1):%(17%15-@11;-@215‘))5 ‘@(tf):-@fa (5.42)

whereby the terminal-value conditions for the k-tuple state variables 74 (+), 712(-),
H62(4), 211(+), Z21(+) and Z(-) are given by

%llc 2 (CT(tf)QfC(tf)vov ,0) ) glfl = (0,...,0),
AL (=CT(11)QsC1(17),0,...,0) . 24, 2(0,...,0),
A5 2 (CT(15)0sCi(15),0,...,0) , 2! 2(0,...,0).

Interesting enough, the product system (5.37)—(5.42) uniquely determines the
state variables J4; (), H2(-), 72(-), 211(-), Za1(-), and Z(-) once the ad-
missible feedback gain K,(-), feedforward gain K, (-), and affine input v(-) are
specified. Henceforth, the state variables J41;(-), S2(-), #%2(), 211(-), Zo1(")
and Z(-) are considered as J#(-,Ky,K;,,v), J2(-, Ky, Kz, ,v), 760(-, K, Kz, V),
D11 (-, K, Kz, ,v), P01 (-, Ki, Kz, v) and 2(-, Ky, K, ,v), respectively.

What comes next is a new model concept of performance benefit and risk
which consists of tradeoffs between performance values and risks for reliable
control of model-following systems. It therefore underlies a risk aversion notion
in performance assessment and feedback control design under uncertainty. In a
sense, the generalized performance index proposed herein for the model-following
control design provides an effective framework for decision and control processes
with benefit and risk awareness.

Definition 5.3.1 (Risk-Value Aware Performance Index). Fix k € Z" and the
sequence 1 = {i, > 0}*_, with gy > 0. Then, the performance index of Mayer
type with value and risk considerations is given by

o' (to, 741 (t0), A2(t0), 752 (10), 211 (10), 21 (t0), Z(10))

L

U1Ky + UKy + -+ UK
N~ —_————

Value Measure Risk Measures

k
= ur [Xg S (t0)x0 + 2x0 35 (10)210 + 210755 (10)210
r=1

+2x§ 97, (t0) + 2210 %5, (10) + 2" (10) |, (5.43)
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where the parametric design of freedom L, chosen by the control designer represent
preferential weights on simultaneous higher-order characteristics, e.g., mean
(i.e., the average of performance measure), variance (i.e., the dispersion of values
of performance measure around its mean), skewness (i.e., the antisymmetry of the
probability density of performance measure), and kurtosis (i.e., the heaviness in
the probability density tails of performance measure) , pertaining to closed-loop
performance variations and uncertainties; whereas the k-tuple cumulant variables
JA1, 2, 0, D11, Doy, and P evaluated at T = 1 satisfy the new dynamics
(5.37)—(5.42).

Then, the method of dynamic programming is employed to obtain necessary and
sufficient conditions for the existence of an explicit, closed-form solution of the
linear-quadratic class of model-following control systems considered here. Hence-
forth, in view of the performance index with risk aversion (5.43), any candidate
value function associated with (5.43) shall only be a function of supporting variables
JA1, H2, F, D11, P21 and 2 for higher-order performance-measure statistics
but does not depend on the traditional states x.

In conformity with the rigorous formulation of dynamic programming, the

development that follows is important. For terminal data (tf,jfl'{,%é,jfz‘g, @{ 11

szl,gf ) given, the classes of admissible feedback, feedforward gains, and affine
inputs are then defined as follows.

Definition 5.3.2 (Admissible Gains and Affine Inputs). Let compact subsets
P, C R™ P, C R™M, and V C R™ be the allowable sets of gains and
affine input values. For the given k € Z" and the sequence g = {u, > O}Ir‘: 1

with w; > 0, 7* R AL o and
A A DD AP g A A A T 29T

v are the classes of & ([tg,t¢];R™*™), C([tg,tr];R™* ™M

(A A IS T S (ot R™), 6 ([, 17 SR™™)

and € ([to,t7]; R™) with values Ky(-) € Ky, K, (-) € K;,, and v(-) € V for which
unique and bounded solutions to the dynamical equations (5.37)—(5.42) exist on the
finite horizon [rg,¢].

Next optimization statements for risk-averse control of the model-following
problem over a finite horizon are stated.

Definition 5.3.3 (Optimization Problem of Mayer Type). Suppose k € Z* and
the sequence p = {y, > 0}¢_, with gy > 0 are fixed. Then, the optimization
problem for risk-averse control of model-following systems is defined by
the minimization of value and risk-aware performance index (5.43) over

the admissible sets 7~ o -
ol et o o afa’ !l ph o
b tf,j%,.;f%,_.;fzz,@”,%l,ﬁf,u _ ,fyf]flyﬁfzﬁgfzé@{ij{l?;g
. . and subject to the namical equations . —(J.
1, 8 AL AL 9 DL D ) y ! (5.31~(5.42)

on [to, ]

Upon developing a value function associated with the dynamic programming
approach, the definition is necessary.
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Definition 5.3.4 (Reachable Set). Let 2 2 {(e,%,%,%z,%l,%l,%

€ [to, 1] X (RMF x (R™M)K x (RM)* x (R, x (RN x RF 5 ¢*

x . ) XV . Y . ) ) o\l
oh 9™ Py ol oy o™ Ao A T
Next the Hamilton-Jacobi-Bellman (HJB) equation satisfied by the value function

¥ (e,21, 02, %0, 211, 251, %) as the infimum of the performance index (5.43)

o X 2
over the admissible classes %7%1,%2,%27%1,%1,f;u’ e%/‘e,f’%l,@ﬁé,@’zzp?]’;»ﬁ‘{;vﬁ"f;u’

and Ve, 0.9y, 201, %, .z 1s now described as below.

Theorem 5.3.1 (HJB Equation for Mayer Problem). Let (8, D1, %0, %0, 21,

D, % ) be any interior point of the reachable set 2 at which the value function
YV (e,21, 02, %0, 211, 251, %) is differentiable. If there exist optimal feedback
K e x* , optimal feedforward K € A

1y Iy Ay 35,70, 7], Pt G i
o o ot and optimal affine v* € %/7%{,%’;%{;9{1,Q{I,W;u’ then the partial
differential equation of dynamic programming
. dJ A
0= min 3 ="Y (e, %, I, L1, 21, Z)
P.eKy K €K, veV | OE

a 2
+W(%l)"f/(8,?3’11,@12’%2,%1,szl,Q‘)Vt‘/C(f}“ (e, 211,Ky))

+%(%2)7/(&%b%b%zy%1,%1,3‘)vec(ﬁlz(87%2,%1,KX,K11))
+(9\/%(@22)7/(&%b%%%z:%l:%l,g)VCC(ng (&, %, %2,Kz,))
+av%(%l)"f/(87@117@127%27%17%175)\/&(%1 (e, 241, %1, P2 Ky, )
+mw(&%h@127%27gllv9317f)"ec(%l(&%17%17@127%27&“\/))
+%m7/(87@117@127%27%17.5:’”217f)vec(%(a%h%h%h\z))} (5.44)

is satisfied. The boundary condition is

V (10, %11 (10), Z12(10), D2 (10), 211 (t0), 221 (t0), Z (10))
= @y (to, 11 (1), #12(10), 752(t0), 211 (t0), 221 (t0), P (t0)) -
Proof. Interested readers are now referred to the work by the author available at [7].
O

Also, the reachable set 2 contains a set of points (€, %1, %12, %5, 1, %21, %)
from which it is possible to reach the target set .# that is a closed subset of
[to,t7] x (RME x (RTmM )k x (RM)k x (RMF x (R™)E x RF with some trajectories
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corresponding to admissible feedback gain K,, feedforward gain K, , and affine
input v. In view of 2, there exist some candidate functions for the value function
which can be actually constructed as illustrated below.

Theorem 5.3.2 (Verification Theorem). Fix k € Z* and let W (e, %11,%2, %,
P, %1, Z) be a continuously differentiable solution of the HIB equation (5.44)
which satisfies the boundary condition

W (e, %1, %2, %0, 211, 251, %) = ¢y (€, %1, P12, %0, 201,251, %)

provided that (e,%1, %12, %, %01,%1, %) € M.
Let (tf,f%ﬂl"lc,jﬁé,%j; .@{1,.@{1,.@«’() be in the reachable set 2; (K.,K,,v) be
2

in* .. 4 XV f i ol ok o
1 A gl atid T A e ol 9l oty o A9

12702711
D A, HA2, F6o, D11, Doy, and D the corresponding solutions of the dynam-
ical equations (5.37)~(5.42). Then, W (T, 71 (1), #12(7), #52(7), Z11(7), Z21(7),
2(7)) is a nonincreasing function of 7.
If the 3-tuple (K}, K ,v*) is in admissible classes ™ X
o 1 I Ay A, Dy P, 9T

defined on [to,ts] with the

21

XV p b oo
I A N A N AR T e G NN T
corresponding solutions, 1\, 5, 755, 2, D5 and * of the dynamical
equations (5.37)—(5.42) such that

0= W (5,55 (0), AH33(0). 55(0), 70y (1), 75, (1), 7°(0)

+8vec(?@“)7ﬂ(r7 1(7), 205(1), #53(7), 71, (1), 25, (7), 77 (7))

x vec(F11(1,74](7),K; (1))

* 8vecj@12) W (1,401 (1), #05(7), #55(7), 211 (7), 25, (1), 77(7))
x vee( T (T, 05(T), 71 (1), K (1),K;, (7))
d

+8vec(%2)w(r’ 11(7), 745(7), 765 (%), 211 (1), 75, (1), 77 (7))

x vec(Fn (T, 7655 (1), 745(7),K;, (1))

—
dvec(Z)

xvee(@n (1, 711(7), 741 (%), #15(17), Ky (1),v7(7)))

d
+ dvec(Z5)

W (7, 741(7), 705(7), #55(1), 271(1), 251 (%), 77 (7))

W (7, 741(7), #15(7), #55(1), 711 (1), 721 (7), 77 (1))
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xvee(#1 (T, 751 (%), 711 (1), 745 (7), 05 (7), Kz, (7),v" (1))

+—avef<g% (1,761 (x), 45(3), 65(1), 75, (), 5, (3), 7" (1))
x veo(% (1,741 (1), 211 (1), 71 (1),v" (1)) (5.45)

then the elements of K, K;l, and v* are optimal. Moreover, there holds
W (e, 211, P2, %0, 211,201, %) = V (€, %1, %12, %, 211, 221, Z)

whereby the value function is V' (€,%11, %12, %0, 211, %51, ).

Proof. Mathematical analysis for the proof can be found from the previous work
available at [7]. O

5.4 Existence of Risk-Averse Control Solution

At this point it is worthwhile to note that the optimization problem herein can be
solved by applying an adaptation of the Mayer-form verification theorem in [8]. This
in turn implies that the terminal-value condition (¢, %ﬁ'{ , %ﬁé, %z’;, .@‘lf b .@‘zfl , 29
of the dynamics (5.37)—(5.42) are parameterized as (&, %11, %12, %, 211, %51, %)
for a broader family of optimization problems. With the background provided by
the representation of the risk-value aware performance index (5.43), the choice of a
real-valued function considered as a candidate solution to the HIB equation (5.44)
is given by

k
W (e, %1, P2, Yo, 211, 251, ) = x4 3, We(Z + &71(€))xo
r=1

k k k
+2x0 3 1A (Ph+E0(€))z0+210 3, Mr(@h+E5 (€))z10+ Y u( X7+ T (€))

r=1 r=1 r=1

k k
+2x0 D () + T (8)) + 2200 X (25 + T (€)), (5.46)
r=1 r=1
whereby (&, %1, %12, %0, 211, %51, %) is any interior point of the reachable set 2
while the time-parametric functions &7; € €' ([to,t/;R"), &, € €1 ([to, 17); R™™M),
& € € (0.1, RN, T € € (0B, T € 6\ ([0, RM) and 77
% ([to,t7];R) are to be determined.
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In addition, it is straightforward to show that the derivative of the candidate
W (e, 91,2, %0, 201, 251, Z) for the value function with respect to time € is

d L d
&W(87%17@127%27%17%17g) :xg z.u#”(ylr](87g/llul{x)+ Eéalrl(g))xo
r=1
T d d
+2x0 Zur(g\{l(gangvgllaKlﬁKzl)_'—&é&l’é(g))zlo

r=1

k
d
+210 2, 1 (Fa (6, %52, %12, K, + &@%(8))210

r=1

k
d
+2xg z ur(gﬂ (87‘%17%17%271{)(7\}) + gﬂq(g))

r=1

k
d
+2210 3 1 (D3, (e, 251, 231, %2, D, Koy V) + Eyﬂ(g))

r=1

k
d
+Zur(g’(g,%,ﬁql,%l,vH@yr(e)) (5.47)
r=1

provided that (K, K:,,v) € Py x P, x V.
The substitution of this candidate for the value function into the HIB equa-
tion (5.44) and making use of Eq. (5.47) yield

d

de &11(€))x0

k
0= min g > (F (6, %1,K) +
(Ky,Kzy ;v)EPx X Py XV =1

k
d
+ zxg z .ur(yer(87 L6)1/127 %laKquzl ) + &ger(g))Zlo
r=1
d

k
+Z1T0 Z ur(‘gZZrZ(gagZnglZaKZ])—i_ de

r=1

én(€))z10
T & d
+2X0 z .Llr(glrl(gv %17%1;%27[()0‘)) + &%’i (8))
r=1

k
d
+2Z{0 z ur(gzrl (87‘%17‘%17@127%271(}1 ,V) + E%’i (8))
r=1

£ d
+ (S (e, Wi, Zin, L) + 9’(e>>} - (5.48)
r=1
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Differentiating the expression within the bracket of Eq. (5.48) with respect to
K, K;,, and v yield the necessary conditions for an extremum of the Mayer-type
performance index (5.43) on the time interval [ty, €]

k

K.(e.21) = —R'(e)B" (¢) Y. p ), (5.49)
r=1
k

K., (e,%12) = =R '(e)B" () X, P, (5.50)
r=1
k

V(E,%l) = _Ril(‘g)BT(g)znﬂer{lu I:Lr:”r/ul' (5.51)
r=1

Furthermore, the dynamical equations (5.37)—(5.42) evaluated at the feedback
(5.49), the feedforward (5.50), and the affine input (5.51) become the backward-
in-time matrix matrix-valued differential equations

d%%ﬂlll (€) = —[A(e) +B(e)Ki(e)]" A (e) — A7) (e) [Ae) + B(e)Ki(e)]
—CT(e)Q(e)C(e) — KT (e)R(€)K,(g), (5.52)
d%%ﬂﬂ (€) = —[A(e) + B(e)Ki(e)]" ) (e) — 7y (e) [A(e) + B(e)Ki(e)]
r—1
-3 s A OGN (@) A] ), (559
s=1"" :
d%e%”llz(E) = —[A(e) + Be)Ki(e)]" A3 () — A (€)B(e)K., (€) — 3 (e)Ai (€)
+CT(e)Q(e)Ci(e) — K (e)R(e)K, (g), (5.54)
d%:f“ﬁ’z(E) = —[A(e) + B(e)Ki(e)]" A5 (e) — A1 (€)B(e)K., () — A5 (€)Ai (€)
r—1
-3 e A GG ()4 o) (5.55)
s=1"" :
digf%ﬂzlz(g) = —A{(e) ) (e) — 55 (e)A1(e) — K, (e)R(e)K., (¢)

— KX (€)B" (e) 743 (e) — (43)" (e)B(e)K:, (€) — C[ (€)Q(e)C (¢)
(5.56)

d%%’z(ﬁ):—f\f(e)%’z(s)—( )" (e)B(e)K:, (e) — K1, (€)B" (e) 5 (€)
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the backward-in-time vector-valued differential equations

L9\ (e) = —[A(e) + BD)K ()] 2} (6) — A\ (e)B(e)v(e)

de
— J5(€)B1(e)ur(€) — K (£)R(£)v(e), (5.58)
d r r
&911(3) —[A(e) + B(e)Ki(e)]" 71\ (e) — 7, (€)B(e)v(e)
— A5 (€)Bi(€)uy(€), (5.59)
d
@9211 (€) = —AT(£) 231 (e) — K, (e)B" (£) 71, (&) — (A71)" (€)B(e)v(e)
— A5y (€)B) (€)ur(€) — KT (€)R(g)v(e), (5.60)
d r r r r
@-@21(3) = —Al ()75 (e) — K (e)B" ()21, (¢) — (s475)" (€)B(7)v(€)
— A5(€)Bi (€)us (e) (5.61)
and the backward-in-time scalar-valued differential equations
L 9ie)= ~Te{A1(e)G(e)WG" (e) } — V' (e)R(e)v(e)
—2(21)" (€)B(e)v(e) —2(Z)" (€)B1(e)ur (), (5.62)
d
=T (&) = ~TH{ AL (&) GleW T (e)}

—2(71)" (e)B(e)v(e) —2(Z5,)" (€)Bi(e)ur(e), (5.63)
whereby the terminal-value conditions are 7]} (t¢) = CT (t;)Q/C(ts), 74} (tf) =0
for2 <r<k; 5(tr) = —CT(t;)QsCi(ts), H5(tr) =0 for2 <r < k; 5 (ty) =
Cl(t)QsCi(tr), H55(tr) =0for2 <r <k; },(t;) =0for 1 <r<k; 75,(t;) =0
for 1 <r<k; 2"(ty) =0for1 <r<k.

To have the minimum of Eq. (5.48) equal to zero for any € € [to, 7] and when %/,
B, %, 2, 25, and 27 evaluated along the solutions to the equations (5.37)—

(5.42), the time-dependent functions &7, (€), &1,(€), &, (€), T (g), T (€), and
T (&) must satisfy the following differential equations:

de

d d . d d .
&511(8) =T 11(€), 5512(3) =T 15 (€), (5.64)
d d d _, d
&522(8) 3 — 5 (€), @%1(8):—&%1(8), (5.65)
d_, d d_, d
de 51 (€) —d—@m( €), d—gy (e) = —59 (€). (5.66)
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According to the verification theorem for the optimization problem of Mayer type,
the boundary condition of % (e, %11, %2, %52, 211, 231, %) requires

k
X0 X, tr(FA (10) + &7y (10))x0 + 24 Zur A5 (o) + &12(10))z10

r=1 =

k k
+210 X, Mr(H65 (1) + 55 (10))z10 + 2% D, r(Pn1 (t0) + T (10))

r=1 r=1

k k
+ 2219 ; W (25, (to) + T3, (t0)) + ;ur(@r(m) + 7" (1))

k k k
=x0 >, MG (t0)X0 +2x0 O, 1r IG5 (10)z10 + 210 D, Mr5(10)210

r=1 r=1 r=1

k k k
+ 2xg z [T (t()) + 22{0 z Iir@2r1 (t()) + 2 [Jr@r(t()) .
r=1 r=1 r=1
The initial-valued conditions for the forward-in-time differential equations (5.64)—
(5.66) are therefore obtained

&11(to) =0, &) =

0
’?lrl(t()) =0, ‘%rl(t()) =0, yr(t()) =0, I<r<k.

Subsequently, the sufficient condition (5.45) of the verification theorem is finally
satisfied, so the extremizing feedback gain (5.49), feedforward gain (5.50) and affine
input (5.51) are optimal

k
Ki(e)=—R"'(e)B" (&) X, fu7} (e), (5.67)
r=1
K (e) = - 2 a5 ( (5.68)
k
vi(e) = —R '(e)B" (e) Y, 1,71} (e), (5.69)

whereby the optimal matrix-valued solutions {75 (-)}_,, {245 (-)}*_,, and
the optimal vector-valued solutions {Z]7(-)}*_, are solving the backward in-time
differential equations (5.52)—(5.53), (5.54)— (5 55), and (5.58)—(5.59), respectively.

The risk-averse control design for the model-following problem over the finite
horizon [t(),tf] is shown to have the structure of three-degrees-of-freedom, e.g.,
u*(t) = Ki(ty +1o — t)x(t) + K7, (ty + 10 — t)z1(t) +v*(ty + 10 —t) with the time-
varying feedback gain K (-), the feedforward gain K (-), and the affine input
signal v*(-). The feedback gain K;(-) of the control is independent of the system
parameters of reference and command-generating models.
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5.5 Chapter Summary

The new results here have demonstrated a successful attempt of integrating the
compactness offered by logic from the process information (5.1)—(5.6) and the
quantitativity exhibited by a priori knowledge of stationary Wiener process distur-
bances so that the performance information about random distributions of the goal
information (5.7) can now be characterized in a compact and robust way.

Given these prerequisites on performance information and the resultant
cumulants, the control process, when it is applied to the linear-quadratic class of
model-following control problems, now involves three steps: (1) the establishment
of standards whereby the system outputs closely track the reference outputs despite
of external disturbances and initial conditions; (2) the appraisal of performance
reliability is evaluated against these standards in the presence of performance risk;
and (3) the correction of deviations is ensured by feedback control strategy with
multiple preferences of risk aversion and performance reliability.

With regard to the use of performance information for feedback, the optimal
control strategy with risk aversion has the increased complex structure of three-
degrees-of-freedom, as in Eq. (5.8), within which the feedback gain (5.67) and
the feedforward gain (5.68) operate dynamically on the backward-in-time matrix-
valued evolutions (5.52)—(5.53) and vector-valued evolutions (5.54)—(5.55), whereas
the affine input (5.69) is driven by the class of systems with zero input responses
through the backward-in-time vector-valued evolutions (5.58)—(5.59).
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Chapter 6
Incomplete Feedback Design in Model-Following
Systems

Abstract The chapter extends the theory of risk-averse control of a linear-quadratic
class of model-following control systems with incomplete state feedback. It is
shown that performance information can improve control decisions with only
available output measurements for system performance reliability. Many of the
results entail measures of the amount, value, and cost of performance information,
and the design of model-following control strategy with risk aversion. This thematic
view of correct-by-designs of high performance and reliable systems is a double-
edged sword. By using all the mathematical statistics associated with performance
appraisal to treat performance reliability it provides a unique and unifying perspec-
tive of decision making with risk consequences. On the other hand, it complicates
information structures of the resulting control solutions.

6.1 Introduction

As evidenced in the first four chapters, the shape and functional form of an
utility function tell a great deal about the basic attitudes of the decision makers
and controller designers toward the uncertain outcomes or performance risks. Of
particular, the new utility function or the so-called risk-value aware performance
index, which is being proposed therein as a linear manifold defined by a finite
number of cost cumulants associated with a random quadratic cost functional
will provide a convenient allocation representation of apportioning performance
robustness and reliability requirements into the multi-attribute requirement of
qualitative characteristics of expected performance and performance risks.

With regards to earlier works [1, 2, 7], recent developments [4, 5] attempted
to bridge the gaps between the field of tracking and feedforward controls and
statistical learning whereby a class of risk-averse decisions implementing perfect
state-feedback controllers pertaining to stochastic servo systems on a finite horizon.
This advanced controller concept depends upon the performance information to

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 87
SpringerBriefs in Optimization, DOI 10.1007/978-1-4614-5079-5_6,
© Khanh D. Pham 2013
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establish a two-degrees-of-freedom description of desired feedback and feedforward
actions for minimal differences between reference and system outputs and tradeoffs
between risks and benefits for performance reliability.

In this chapter, some important results that are new in stochastic control of
model-following systems in presence of noisy output measurements are organized
as follows. Section 6.2 characterizes performance uncertainty and risk subject to
underlying stochastic disturbances as applied to the problem of structuring and
measuring performance variations. Section 6.3 is devoted to the problem statements
in model-following systems. It shows a new paradigm of thinking with which
the dynamics of cost cumulants can be incorporated into reliable control design
with risk-value preferences. Section 6.4 presents a complete development of risk-
averse control strategy with the three-degrees-of-freedom structure within which
the system not only follows the outputs of the reference model driven by a class of
command inputs but also takes into account of performance value and risk tradeoffs.
Conclusions are also in Sect. 6.5.

6.2 Backward Differential Equations
for Performance-Measure Statistics

Let (2,.7,F,IP) be a complete filtered probability space over [fo,#s], on which a
p-dimensional standard stationary Wiener w(-) with the correlation of increments
E{[w(t) —w(&)]w(t) —w(&)]" } =W|t—&[,W > 0forall 7,& € [t9, 1] is defined
with F = {.%; },>4,>0 being its natural filtration, augmented by all P-null sets in .%.
Next consider a class of stabilizable systems described by the information process
which is governed by the controlled stochastic differential equation

dx(r) = (A(t)x(t) + B(0)u(r))dr + G(r)dw(t), x(t9) = xo, (6.1)

whereby the continuous-time coefficients A € € ([to, t¢];R"*"), B€ € ([to, t7]; R"*™),
and G € € ([to,17];R"*7). In the above, x(-) is the controlled state process valued in
R™ and u(-) is the control process valued in some set U C R™. The output involves
some functions C € €'([to,7]; R™"), relating y(-) to the values of the manipulated
process x(+)

y(t) = C(t)x(t) . (6.2)

In model-following control design, the desired behavior of the output (6.2) is
enabled through the use of a reference model driven by a reference input. Typically,
a linear model with the output reference and known state z; (f9) = zj0 is used

dz (1) = (A1(t)z1 (t) + B1(t)u,(2)) dt + Gy (1)dwi (1), (6.3)
yi(t) =Ci(t)z (1), (6.4)
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where continuous-time coefficients A; € € ([t,1]; R" ™), By € € ([to,17]; R ™),
G € € ([to,ts];RM*P1), Cy € €([to,t¢];R™") and the p;-dimensional stationary
Wiener Wl(-) with E{[Wl (T) — Wi (é)] [Wl (T) — Wi (5)]T} = W1|T — é |, W1 > 0 for
all 7,& € [ro,17].

Furthermore, the reference input u,(+), valued in U, C R™, is also known as the
command output of the class of zero-input responses of the system

dzo(r) = Ay (t)z2(r)dr, 22(t0) = 220, (6.5)
ur(t) = Ca(t)z2(1), (6.6)

whereby some knowledge of Ay € €'([to,t¢];R"*"2) and C, € € ([to,1f];R™*"2)
are required.

For each 1 € [ty,1¢], the purpose of the decision process for the model-following
control design is to use the control process u(¢) to force an estimate of the
output process $(t) = C(¢)%(¢) with accessible state £(r) to track an estimate of
the desired process 9;(r) = C;(¢)2;(r) with accessible state Z;(¢) in spite of the
disturbances w(¢) and wy(¢) as well as the initial states xo and zjo. Associated
with (79,x0,z103u) € [to,1] x R" x R™ x U is a finite-horizon integral-quadratic-
form (IQF) cost J : [fg,¢] x R" x R™ x U — R used for matching of the outputs

J(to,x0,z10:u) = ($(t7) = $1(t7)) Qr (9(t5) — $1 (1))
1f

+ [, (0@ =512 QD)) = 1(0) + 4 (DR(D)u(D)]dT
(6.7)
subject to the constraints [6]
d(r) = (A(2)%(t) + B(t)u(r))ds + L(r)dw(z), (6.8)
dzi (1) = (A1 ()21 () + B1(t)ur(1))di + Ly ()dw (1), (6.9)

where the initial states £(79) = xo and 2; (¢p) = z10 known;
L(t) = [PO)CT (1) + WCT (1)]A~ (1)C(t)G(t), A(t) =C(t)WCT(t), (6.10)
Li(t) =[P (t)CT (1) + WiCT ()] A] (1)C1 ()G (1), A1 (1) = CL ()W C (1),

(6.11)
Ct) = C(t) +C(NA(r), Ci(r) = Ci(r) +Ci()A (1), (6.12)
%P(t) =[A@)-WCT (1)A (1)C(1)P(t)+P(t)[A()-WC()A~ (1)C(1)]"+W
—P(0)CT()A~ (0)C(t)P(1)-WC (1) A~ (1)C()W; P(19)=0,  (6.13)
d

D0 = [A1 () -WiCl () AT (1) Cr (D]P (4P (1)[AL ()W Cr (DA (1) Co (1)]"

+Wi—P (t)CT (1) A (£)C1 (1) Py (1) = Wi CT (2) Ay (2)Cy (£)Wy; Py (20)=0.
(6.14)
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In addition, the terminal matching penalty Q; € R”, the matching penalty Q €
% ([10,17];R”), and the control effort weighting R € €([to,¢];R™) are symmetric
and positive semidefinite matrices with R() invertible.

From Egs. (6.13) and (6.14), the covariances of error estimates are independent
of control actions and observations. Therefore, to parameterize the conditional den-
sities p(x(¢)|.%;) and p(z)(¢)|-#1,), the conditional means £(¢) and 2; (¢) minimizing
covariances of error estimates of x(z) and z;(¢) are only needed. An admissible
control law is hence of the form

u(t) = K(1)%(r) + Kz, (£)21 (1) +v(2), (6.15)

where v(-) € V. C R™ is an affine control input and while the elements of
K. € €([to.t7;R™") and K;, € € ([to,t7];R™*") are admissible feedback and
feedforward gains defined in appropriate senses. Hence, for the given initial
condition (1, X0,210,220) € [to,2r] X R" x R" x R" and the control policy (6.15),
the aggregation of Eqgs. (6.8) and (6.9) is described by the controlled stochastic
differential equation

dxg (1) = (Aa(t)xa(t) + Ba(t)v(t) + Io(t)u,r (1)) dt + Ga(t)dwa (1),  xa(to) (6.16)

with the performance measure (6.7) rewritten as

T(Ki(+), Koy (-),v()) = x5 (1) QpaXa(ty)

[ W (0)0u(hra(8) + 24T (DN (D)0(1) +9T (DR(D(D)ldT,  (6.17)

fo

whereby the augmented states x. = [)QT 21T } and continuous-time coefficients are

[A+BK, BK, B Lo o W
A == 1 B = G = = =
a I 0 A] :|7 a |:0:|7 a |:O L] )y Xa0 210 y Wa w1 )

_[o _[KIR| [ CT(t)QsClty) —CT(15)QfCi(1y)
F“‘_BJ’ “‘[KzR]’Qf“ {—c{@f)chw) CT (1/)0C (1) }

[ cTQC+KTRK, —CTQC1—|—KXTRKZI} B {W 0 }
9 a .

Qu = | ~CTOC+KIRK, CTQCy+K!RK., “low

In view of two types of information, i.e., process information (6.16) and goal
information (6.17) as well as the external disturbance w,(-) affecting the closed-
loop performance, the controller now needs additional information about perfor-
mance variations. This is coupling information and thus also known as performance
information. The questions of how to characterize and influence performance in-
formation are then answered by adaptive higher-order statistics associated with the
performance measure (6.17) below.
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Theorem6 2 1 (Cumulant Generating Function). Let ¢ (7,x%;0) = p,(7,0)

exp{(xZ 7,0)x% +2(x2) " 14(7,0) } and v, (7,0) = In{pa (7,0)} for some 6 €
R* and VT E [t(), t¢]. Then, the cumulant-genemtmg function is given by

W(T,x5:0) = (x) " Ya(7,0)x0 +2(x) " Ma(7, ) + va(7, 6) (6.18)
where the solutions Y,(t,0), N4(7,0), and v,(7,0) solve the backward-in-time

matrix-valued differential equation

d—TI;(r,G):—AZ( )Ya(7,8) —Ya(T,0)Au(7)

—2Y,(7,0)Gu(T)Wa G (1)Ya(7,60) — 6Q4(7) (6.19)
the backward-in-time vector-valued differential equation

d

3o (1,0) = =Ag (7)Na(7,0) = Ya(7,0)Ba(7)¥(7)

—Y,(7,0)I(T)u (1) — ON,(7)v(7) (6.20)

and the backward-in-time scalar-valued differential equation
s (1,0) = —Tr{Y:(7,6)G, (1) W,G] (1)}
—2n1(7,0)(Bu(7)v(1) + [(T)u (7)) — OV (T)R(7)v(1) (6.21)
with the terminal-value conditions Y;(t7,0) = 0Q 4, Na(tf,0) =0, Vy(1f,0) =0.

By definition, cumulants that provide performance information for the decision
process taken by the model-following control design can best be generated by the
Maclaurin series expansion of the cumulant generating function (6.18):

er

o—0 T ’

< er < ar T.
- aer W(Tvxa’ 9)

where k, are denoted as rth-order cumulants or performance-measure statistics.

In view of the cumulant-generating function (6.18), performance-measure statis-
tics that measure amount of information about performance variations in the
performance measure (6.17) are obtained
r 0" "

T T
aerY‘a( 76) ezoxa+2('xa) aerna(l”e) 0 0+

r

Kr = (xa)

W'Ua(f, 9) oo .

6.22)
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For notational convenience, it is necessary to introduce

r

Ha(tr) 2 S504(5.6)

r

26"

r

) Da(f,}")é _na(rve) ’
=0 96" 0=0

do(T,r) &

V,(7,0)

0=0

Therefore, the next result whose proof is omitted here, provides measures of the
amount, value, and the design of performance information structures.

Theorem 6.2.2 (Performance-Measure Statistics). In spirit of the system consid-
ered in Egs. (6.16)—(6.17), the kth-order cumulant or performance-measure statistic
in the problem of model following is given by

K = xLoHo (t0,k) x40 + 2xT0Dy (10, k) + da(t0, k), (6.23)

whereby {H,(T,r)}*_,, {Da(t,r)}*_,, and {d,(t,r)}*_, evaluated at T = 1, satisfy
the backward-in-time differential equations (with the dependence of H,(T,r),

Dy(t,r), and du(7,r) upon Ky, K;,, and v suppressed)

d%_Ha(r, 1) =—Al(1)H,(1,1) = Hy(1,1)Au(T) — Qu(7), (6.24)

d
EH“(TJ) = —Al(T)H,(1,r) — Hy(1,7)Au(T)

=l op

_ mya(r,s)Ga(r)WaG,f(r)Ha(r,r—s), r>2, (6.25)
s=1°\" 79/

%Da(r, 1) = —AT (0)Da (1, 1) — Ho(7, 1)Ba(7)v(7)

— Hy (7, 1)I(7)u, (1) — Ny(1)v(7), (6.26)
& Dy(1,1) = AL (OD(T,1) ~ Ha(2, 9B (D7)
— Ha(t, ) L(Dur(1), 2<r <k, 6.27)
d

d—Tda(r, 1) = —Tr {Hy(7,1)Ga(7)W,GL (1)}

— 2D (7,1)(Ba(t)v(7)+ I (7)ur (1)) — v (2)R(7)v(7), (6.28)
d%_da(r, r) = —Tr{Ha(7,r)G.(T)W.GL (1)}
—2D1(7,7)(Bu(t)v(7) + T (T)u, (1)), 2<r<k, (6.29)

where the terminal-value conditions H,(tr,1) = Qga, Hu(tf,r) =0 for 2 <r <k,
Dq(ty,i) =0for 1 <r<kandd,(ty,r)=0for1 <r<k
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In the design of a decision process in which the information process about
performance variations is embedded with Ky, K;,, and v, it is convenient to rewrite
the results (6.24)—(6.29) in accordance of the following matrix and vector partitions

and D,(t,r) = Zin(®)
S ]

H01(1) A5(7)

H,(7,r) =
(e l(%ﬁa)%) (1)

Corollary 6.2.1 (Alternate Representations of Performance-Measure Statistics).
Let the system be governed by Egs. (6.16)—(6.17). Then, the kth cumulant of
performance measure (6.17) is also given by

Kic = x4 H4 (t0)x0 -+ 2x5 735 (t0) 210 + 210765 (10) 210

+ DX (to) + 265 D, (10) + 20 25, (10), k€ 7T, (6.30)

where bounded solutons (3 (9)L_, (A5(NE . (5N (20, ()L
{%},(z )}r pand{7"(t )} _ satisfy the time-backward differential equations

d
d_r'%ﬁlll(r) £ 71\ (1,741,Ky),

= —[A(1) +B(0)K:(1)]" S (7) — A4} (1) [A(T) + B(7)Ki(7)]
— KT (1)R(1)K (1) — CT (1)0(7)C(7), (6.31)

i (1) = 71 (1, 541,K,)

dt
= —[A(0) + B(0)K(7)]" A7 (7) — A5, (1) [A(7) + B(D)Ki(7)]

- 2r! S T r—s
—YZIW%KT)L(T)WL (7)1 (1)
- 2!

- (0L ()WL (7)(£5 ") (1), 2<r<k,

S osl(r—s)!

T & Fh(T. A, A KK
=~ () + BOK D] 50~ KL (DREK,, (7
AN OB, (1)~ A DM (D) +CT (0D, (63)
(1T )éﬁ{z(T,%27%17Kx,Kzl)

=~ [A(7) + B(1)K(1)]" 75(0) = A4 (1) B(1)K:, (7) — 35 (1) A1 (1)

d
dr
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3 G A LWL (@ ()

2r!
S,(r—r_s),%ﬂlsz(f)h(T)WlL{(T)%rzﬂ(T), (6.34)
s=1"" :

T () £ Fh(t, Aoz, Hiz K
=~ A1 (1) 53(7) = H3p(1)A1 (1) = K (1) () A#73(7)
— (L) (DB(IK, (1)~ K (DR(IK, (1) €T (1)0(0)C1 (0),
(6.35)
TIH(E) £ Tt Aas, Aoz K
= AT (A (0) — A DA~ K] (DB (2) 450
— ) (OB, (7

= r!
" ﬁ(%SZ)T(T)L(T)WLT(T)ﬁfir{s(r)

s:ls'
r—

oo
- s,(r—r_s),%z’z(r)m(r)WlLlT(r)%’;’(r), 2<r <k, (636)
s=1"°" :

%9111(7) 29\(1,211,56,, #i2, Ky, v)
= —[A(7) + B(0)K(7)]" 21, (1) — 74} (1) B(1)v(7)
— A5 (1)B1(T)ur (1) — K (D)R(D)v(7), (6.37)
di,l:@lrl(r) églrl(T,@11,%17%27Kx,v)
= —[A(7) +B(D)K(1)]" 7, (%) -
— 705 (1)Bi(T)uy (1), 2<r<k, (6.38)
%-@211 (T) £ %211 (Ta -@ﬂa-@ll"%ﬂl%‘%%KZl ’V)
=K. (1)B" (1) 2], (1) — (43)" (7)B(7)(7)

21

—AT(0) D), (7) — 755 (7)By (T)u, (1) — Kle (t)R(7)v(7), (6.39)

d
d—T@&(T) 29 (1, D01, P11, o, 52, Kz, V)
==K} (1)B" (1) 7, (1) — (75)" (7)B(7)v(7)

21

— AT (1) %5, (1) — #55(1)B1 (T)ur(1), 2<r<k, (6.40)
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d
591(7) 29 (1,01, 211, D>1,v)

= T { A (LWL (1)}~ Te { A (1)L (WL] (1)}
~ 21T (B(D)(7) ~ 2AZ4)T (DB (2ur(7) T ()R (D) (1),

(6.41)
%@r(f) £97(1, 561,91, Po1,v)
= —Tr {7 (1)L(1)WL (1)} — Tr {65(7) L (1)W, L{ (7) }
—2(27)" (1)B(1)v(1) = 2(Z5))" ()B1(D)ur(1), 2<r<k.
(6.42)

Moreover, the terminal-value conditions are 5, (t7) = CT (t7)QsC(ty), 77, (tr) =0
Jor2<r<k; H5(ty) = =C" (17)QCi (t5), H5(1y) = 0 for 2 < r < ks Ay (1) =
ClT(l‘f)chl (l‘f), %rz(l‘f) = Of0r2 <r< k; glrl (tf) = Ofor 1 <r< k; gzrl (tf) =0
for1 <r<k; 2"(ty) =0 for 1 <r < k. And the components of the k-tuple variables
H1, Ko, S0, D11, Doy, and D are defined by

‘%ﬂllé(‘%ﬂllla---v‘%li)a %Zé(‘%ﬂllb"'v%g)v %Zé(%av'“v%g)’
InE (DN, D), D= (D, D), 722(2',....9").

For a rigorous basis of a well-posed optimization problem, the following sufficient
conditions for the existence of solutions to Egs. (6.31)—(6.42) are stated.

Corollary 6.2.2 (Existence of Performance-Measure Statistics). In addition to
asymptotically stable reference models, it is assumed that (A,B) and (A},B)) are
uniformly stabilizable; (A,C) and (A{,Cy) are uniformly detectable. Then, for
any given k € N, the backward-in-time matrix differential equations (6.31)—(6.42)
admit unique and bounded solutions {c%ﬂll(f)}f:p {%2(1)}f:1, {5, (T}

=1
{20 ()Y {2 (DY, and {2(1)}, on [t 1],

6.3 Performance-Measure Statistics for Risk-Averse Control

To formulate in precise terms for optimization problem in the model-following
control design, it is important to note that all cumulants (6.30) are the functions
of backward-in-time evolutions governed by Egs. (6.31)—(6.42) and initial valued
states x(#p) and zj(fo). Henceforth, these backward-in-time trajectories (6.31)—
(6.42) are therefore considered as the new dynamical equations together with state
variables {27, ()}, {50} {5 A2 OV, {25, ()}, and
{2"(-)}~_,; and thus, not the traditional system state estimates £(-) and 2 (-).
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For a compact formulation, the dynamical equations (6.31)—(6.42) can be

rewritten by the product mappings

% (1) = Znlt, 400K, Alty) = A,
d%ﬁfiz(r) = Pia(1, Moo, A1, K Key), Hialty) = A,
& Hon() = P, o0, Hir Koy, Holty) = A,
%%M:%(r,@u,%,jﬁz,Km Pulty) = 2},

—9(1) =9 (1,61, P11, D01,v), D(ty) =P

under the obvious definitions of Cartesian product mappings

(6.43)

(6.44)

(6.45)

(6.46)

—D01(7) = %1 (T, D21, D11, H2, 7652, K., ,v),  Doi(ty) = @'gfp (6.47)

(6.48)

TN LT X T, Tt Fhx X T, Fpl Fhx-x Fh,

GuE2Gl x-xGl, G EG xxD,  GEG . x @

and the terminal values of the resultant state variables J# (), 2(-), %2(-),

D11(), Z01(+), and Z(-) are given by

As before, the product system (6.43)—(6.48) uniquely determines the state variables
JA1(-), HA2(), H52(-), 211(-), Po1(-) and 2(-) once the admissible feedback
gain K,(-), feedforward gain K, (-), and affine input v(-) are specified. Therefore,
the state variables J#(-), JA2(-), #2(-), Z11(-), P21(-) and Z(-) are con-
sidered as J41 (-, Ky, Kz, ,v), H42(-,Ke, Kz, ,v), 760 (-, K, Kz, ,v), P11 (- Ke, Kz, v),

D1 (-, Ky, Kz, ,v) and Z(-, Ky, K-, ,v), respectively.

In the light of performance risks and stochastic preferences, the generalized per-
formance index that follows for the reliable control of model-following stochastic
systems provides some tradeoffs on what means for performance riskiness from
the standpoint of higher-order characteristics pertaining to performance sampling

distributions.
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Definition 6.3.1 (Risk-Value Aware Performance Index). Fix k € Z" and the
sequence { = {y; > 0}, with gy > 0. Then, the performance index of Mayer
type with value and risk considerations is given by

Om (to, 741 (t0), 742 (t0), 752 (t0), 211 (t0), P21 (10), P (10))

A

U1 K1 + oKy + A UKy
N~ —_—————

Value Measure  Risk Measures

e [ 51 100 + 248 5 10)210 + 2o M 10) 210

k

1

r

+ 26 7] (10) + 220751 (10) + 7' (1) . (6.49)

where the parametric design of freedom L, chosen by the control designer represents
preferential weights on simultaneous higher-order characteristics, e.g., mean (i.e.,
the average of performance measure), variance (i.e., the dispersion of values of
performance measure around its mean), and skewness (i.e., the anti-symmetry of the
probability density of performance measure), pertaining to closed-loop performance
variations and uncertainties, whereas the k-tuple cumulant variables 741, 72, 737,
P, Dh1, and Z evaluated at T = 1y satisfy the new dynamical equations (6.43)—
(6.48).

For terminal data (z, %ﬁ’; , jﬁ’;, %’;, .@‘lf > .@‘Zfl , 27) given, the classes of admissible
feedback, feedforward gains and affine inputs are then defined as follows.

Definition 6.3.2 (Admissible Gains and Affine Inputs). Let compact subsets J, C
R™<nJ, C R™™ and V C R™ be the allowable sets of gains and affine input
values. For the given k € N and the sequence u = {u, > 0}%_, with u; > 0,

X 21

o ol 7w ol ol b ot St it 2,
27,1 are the classes of €([to,t7];R™™"), € ([to,t¢];R™"), and € ([to,t7];R™)
with values K (-) € Ky, K, (-) € K-, and v(-) € V for which unique and bounded
solutions to the equations (6.43)—(6.48) exist on [fg, 7]

Next, the optimization statements for risk-averse control of the model-following
problem over a finite horizon are stated.

Definition 6.3.3 (Optimization for Mayer Problem). Suppose k € N and the
sequence (= {g; > 0}*_, with y; > 0 are fixed. Then, the optimization problem
for risk-averse control of model-following systems is defined by the minimiza-

tion of value and risk-aware performance index (6.49) over the admissible sets
x o : VA v
. . B B . . s f L ol of pf of.
I A Dy T P 1 A Ay A D Py 2T 1 M P Py, P
and subject to the dynamics (6.43)—(6.48) on o, ]

Upon developing a value function which is defined as the value of the performance
index starting at (€, %11, %12,%0, Z11, 251, %) and proceeding optimally to the
specified terminal conditions, the concept of a reachable set to which the terminal
state and time, i.e., (€, %11, %12, %50, 211, %51, %), resides, is necessary.
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Definition 6.3.4 (Reachable Set). Let 2 2 {(e,%,%,%z,a@ql,%l,g) c

.t R™ k R*n k R k R~ k R k Rk W
[07 f]x( ) X( ) X( ) X( ) X( ) X K" so tfvjflj;v%ﬁléjfzé!-@{lvgflv
DT x

XY b onh pf of of o O
tf,ﬁf7ﬁé,%é,@{l,@£1,@f;y 1 A Ay Iy P11 Do) 2 7

The HIB equation satisfied by the value function ¥'(&,%11, %2, %%, 211, %51,
%) as the infimum of the performance index (6.49) over %x% \ By Fir B, E o1
2 ) 3¢ 2¢ IR I 1<

&M W Y, ), 2 2
Theorem 6.3.1 (HJB Equation for Mayer Problem). Let (¢,%, %12, %5, Z11,
D1, %) be any interior point of the reachable set 2 at which the value function
vV (e, 1,2, %0, 211,231, %) is differentiable. If there exist optimal K €

X - , K e x4 - _ and
e N R T “ i, A A A D T, P

ve v of o , then the partial differential equation of dynamic
by 3, 8757, Py 9 partial diff quation of dy

and Ve mn, 1,9y, %11, %1, 2 1 NOW described as below.

programming

Ty GFX,KZI ele VeV

0=  min {%%(e,%,%,%,%,%l,f)

d

+—@11)7/(8,@11,@127%27%17%1,g)vec(ﬂ\“ (87%1,1()())

dvec

SEREN

+Wy(£7%15%27%27gpllvglevg)vec(‘gzlz (87@12;%17[()651{11))

+ WW(E,%I,%Z,%Z,%17%1,g)vec (‘9\22 (87%25%27K21))

d
+ avec—(%l)7/(8,@11,@12,%2,%h%quec(%l (&, 211,21, %2, K¢, v))
d
+m"’/(8,@11,@127%27%1,%1,5)%0(%1(8, D1, 211, 2, Do, Koy, v))
d
+ 8vec(,@p)%(8’@11’%2’%2’QFH’QFZI’g)vec(g(‘g’@llv%lv%lﬂ’))

(6.50)
is satisfied. The boundary condition is

Y (10,211 (1), Z12(t0), %2 (10), Z11(t0), 221 (t0), Z (t0))
= O (10, 741 (10), H2(10), 752(t0), 211 (t0), 221 (t0), Z(19)).-

Note that the reachable set 2 contains a set of points (€, %11, #12, %5, 11, %21, %)
from which it is possible to reach the target set .# that is a closed subset of
[to,t7] x (RME x (RTmM )k x (Rr)k x (RMF x (R™)KE x RF with some trajectories
corresponding to admissible feedback gain K, feedforward gain K;,, and affine
input v. In view of 2, there exist some candidate functions for the value function
which can be actually constructed as being illustrated below.
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Theorem 6.3.2 (Verification Theorem). Fixk € Nandlet W (€,%1,%2, %52, 211,
D1, %) be a continuously differentiable solution of the HIB equation (6.50) which
satisfies the boundary condition

W (e, 21,2, %0, 201,201, %) = Ou(€, %01, %2, %0, 201, %01, Z),

whereby (€, 211, %2, %, 211,221, 2) € M.

Let (t¢, f%”lfl, f%flé, %é, @lfl , @zfl , 97 be in the reachable set 2; (K, K, ,v) bein

X <1 . . -, .

ot AT Sy 21 gt A A, Ay 21y A A A, Ay 9
JA1, Ha, 6o, D11. The corresponding solutions 9> and P of the dynami-
cal equations (6.43)—(6.48). Then,. W (v, 74, (7), #12(7), #2(7), 211(7), D21 (7),
2(7)) is a non-increasing function of T.

If the 3-tuple (K, K} ,v*) is in admissible classes &~ X
(K K5 v) 1, A A A P T, P

¢ . defined on [to, 7] with the

K b E ol ot of XV ol sk el of of of

T A N R TR T R ST IR IR
corresponding solutions, JC[5, 05, 755, Df, D5 and D* of the dynamical
equations (6.43)—(6.48) such that

0= %W(Tv lﬁ(r)v 13(1')7%3(1')79?1(1'%92*1(1')79*(7))

+8vec(@11)W(T’ 1(17),705(1), 755(7), 211 (1), 951 (1), 2" (7))

x vec(F11 (1,741 (7),K; (1))

—2
dvec(#12)

x vee(F (T, 403(7), 41 (1), K (1), K, (1))

y Bzy
—2
dvec(%5)

x vec( I (T, 765(1), 05(7),K;, (7))

s By
N d
dvec(Z#1)

Xvec(gll(rv-@fl(r)v 17(7)7 13(7)71(;(17)7"*(17)))

d
+ dvec(Z)

x vee(1 (T, 71 (%), 711 (1), 745 (7), 05 (7), Kz, (7),v" (1))

—
dvec(Z)

x vee(¥ (7, 741(7), 211 (%), 751 (7),v* (1)) (6.51)

W(TV%T (1)7%2(1)7%2(1)7-@1*1 (1)7951 (T),.@*(T))

W (v, 761(%), 705(7), #55(1), 711 (%), 71 (%), 77 (1))

W(Tv lﬁ (T)v 1;(1’-)7%;(1’-)7%*1 (T)v%*l (T),_@*(T))

W(ijfﬁ (T),%;(T),%;(T), -@fl (T)v -@2*1 (T)v -@*(7))

W(TV%? (T)a‘%ﬂlé(r)a‘%ﬂz;(r)a -@fl (T)a -@2*1 (T)a -@*(1))
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then the elements of K, K;l and v* are optimal. Moreover, there holds
W (e, 1, %2, %0, 211,251, Z) = V(€,21, %2, %, 211, 221, Z ),

whereby the value function is V (€, %11, %2,%2, 211, %251, %).

Proof. Mathematical analysis for the proof can be found from the previous work
available at [4]. O

6.4 Output-Feedback Control Solution

In this section, an important use of the Mayer-form verification theorem of dynamic
programming in [3] is for finding a family of extremal paths that meet specified
terminal conditions. Within the framework of dynamic programming, the terminal
time and states (q,%ﬁ{,%ﬁé,%ﬁé,@{I,Q{I,Q«f) of the dynamics (6.43)—(6.48)
are now parameterized as (€, %11, %12, %, 211, %51, %) for a broader family of
optimization problems.

For each interior point (&,%11, %2, %%, %11,%1,%) € £, the continuously
differential function associated with the value function satisfying the HIB equa-
tion (6.50) is sought of the form

W (e, 21, %2, %2, 211, 221, Z)

k k
=x 2 UA(D +671(€)x0+2x0 D 1 (P + E5(€)) 210

r=1 r=1

k k
+2io 2 e (D5 + E5(€)) 210+ 2x0 3 e (25 + T (€))

r=1 r=1

k k
+2200 > 1 (25 + Fh(€) + > (27 + T (e)), (6.52)

r=1 r=1

whereby the parametric functions &7, € €1 ([to,t¢;R"), &7, € €1 ([to,17];R™™),
& € €' ([to,1siR™), Ty € € ([to.1/]sR"), Ty € €' ([t0,17;R™), and T" €
¢'1([to,1/];R) are to be determined.

Moreover, it can be shown that the derivative of # (g, %11, %2, %5, 211,
%1, %) with respect to time € is

d J d
EW(87%17%27%27‘%17%17‘§) :ngUr (fglrl(gu%th)—i_&é)@lrl(g)) X0

r=1

k
d
+2Xg 2 Hr <‘g\{2(87%25%17KX;K11) + £g1r2(8)> 210

r=1
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d

k
+21o Zﬂr (952(8,%27@12,&1)4' de

r=1

5{2(3)> 210

: d
+2xg Z.ud” (g{1(87%17@117@1271<x7v)+ E%ﬁ(‘ﬂ)

r=1

k
d
#2003 o (e 220 20 D1 K 1 7))

r=1

k d
+Z,ll~ir <gr(87@11751175217")+&9r(8)) (6.53)

provided that (Ky,K:,,v) € Jy x J;, x V.
The substitution of this candidate for the value function into the Hamilton-Jacobi-
Bellman equation (6.50) and making use of Eq. (6.53) yield

d

de & (3)))60

k

0= min _axg > (T (e, 21, K) +
(Ky.Kzy v)E€Jxx Ty XV r=1

d

k
+2xg Zur(‘gzlrz (87@12;%17[()651{11)_'— dg

r=1

5(2(8))210

k
d
+Z{() 2 ur(y{2(87 %27 @127KZ| ) + Eéazrz(g))ZIO

r=1

k
d
+250 X, (91 (8, 200, %00, i, Ko v) + T ()

r=1

k
d
+22{0 3, (951 (8, 251, 201, %10, %52 Kz, V) + &9{1 (e))
r=1

3 d
+Zur(gr(87%lu‘%lu‘%luv)+Eyr(g))}' (654)
r=1

Differentiating the expression within the bracket of Eq. (6.54) with respect to K,,
K, , and v yields the necessary conditions for an extremum of the Mayer-type
performance index (6.49) on the time interval [ty, £]:

k

Ki(e. %) =—R'(e)B" (¢) Y, 071, (6.55)
r=1
k

K. (e,%0) =R "(e)B" (¢) ¥, 5, (6.56)
r=1
k

v(e, Zi1) = —R"'(e)B" (e) X, B2y, (6.57)

\
Il
—

where the normalized weights (I, = u,/u; with y; > 0.
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The dynamical equations (6.43)—(6.48) evaluated at the feedback (6.55), the
feedforward (6.56), and the affine input (6.57) become: the backward-in-time matrix
differential equations

AN () =~ ) +BE)K)]T AL (€) - A () A(e) + Ble)Ki o)

—CT(e)Q(e)C(e) — K (€)R(€)K(€), (6.58)
%%ﬁ (e) = —[A(e) + B(e)Ki(e)]" A4 (e) — A7 (€) [A(e) + B(£)Kx(€)]
r—1 rl s
e EAICLO L CEARD
r—1
2 s (e (eWLL (&) (L ) (e), (6.59)

_s:l sl(r—s)!

= Ai(e) = [A(e) + Be)K(e)]T Able) — A} (€)Ble)Ks, () — Ab(e)A e)
+CT(e)Q(e)Ci(e) — K (e)R(e)K, (g), (6.60)
 A(e) =~ [A(e) + Be)K(e)] Aale) — A (€)B(e)Ks, (&) — A(e)A )
=l r! _
> g A OLEOWL (A e)
r—1
-3 L WL €A ), (6.61)
s=1"" :
d 1

1. /00(8) = —Al (6)75,(2) — A5 (€)Ai(8) - K, (€)B (6) 73 (¢)

— (35)" (e)B(e)K:, (€) — C1 (€)Q(e)C1 (e) — KL (€)R(e)K:, (€),
(6.62)

%ffé’z(s) = —Al (e) 75 (€) — 55 (e) A1 (e) — (A75)" (€)B(e)K:, (e)

—l r!
KL (€) A6~ T i A (@ WET (€) 7570
r—1
AL WL (e).75e) (6.63)

7S:1 si(r—s)!
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and the backward-in-time vector differential equations

= 7€) =~ A(e) + BK ()] 7€) ~ 3 (€)Blev(e)

— H15(€)B) (€)ur(€),

= Phi(e) =KL @B (€) 7 (€) - () (€)B(e)v(e)
~AT(e)74 (e) — AMEBrENurle) ~ K (€)R(e)v(e).
S Phe) =KL ()BT (&) 70, (€) — ()T (€)B(Tv(e)
~AT(e)7% () — A (B le)
and the backward-in-time scalar differential equations

29 ) = ~Te (AN (LWL (&)} ~Tr{ b (e)a ()WL (e)}
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(6.64)

(6.65)

(6.66)

(6.67)

—2(211)" (e)B(e)v(e) —2(Za1)" (e)Bi(e)ur(e) —v' (e)R(e)v(e),

%9’(8) = ~Tr {7\ (e)L(e)WL (e) } — Tr {5, (e)Li (e)WiL] (e) }

~2(711)" (e)B(e)v(e) —2(Z31)" (e)Bi(e)ur(e),

(6.68)

(6.69)

whereby the terminal-value conditions are S} (t7) = CT (t;)Q/C(ty), 5, (tf) =0
for 2 < r < ki A5 (t7) = —=CT(17)Qs Ci(ty). A (1) = 0 for 2 < r < ks A5 (17) =
Cl(t1)QsCr(ty), #(ty) =0 for 2 < r <k; 4 (1) = 0 for 1 <r <k; 7, (ty) = 0

for1 <r<k; 72"(ty)=0for1 <r<k.

To have the minimum of Eq. (6.54) equal to zero for any € € [19, 7] and when #/,,

B, s, Z]1, 25, and 27 evaluated along the solutions to Egs. (6.43)—(6.48), the
time-dependent functions &7, (€), &, (€), &5,(€), Ty (€), Z5(g) and 77 () must
satisfy the following differential equations

d d . d d .
@511(8) =% (€, @512(8) =% 12(€), (6.70)
d d . d _, d
d—ggzz(g) = —E%Z(s), @%1(8) = —£911(8)7 (6.71)
d r . d r i r . _i r
&721(3) = —&921(3)7 dgy (e) = deg (€). (6.72)



104 6 Noisy Output Measurements and Risk-Averse Control

The initial-value conditions for Egs. (6.70)—(6.72) are then obtained, e.g., &/, (%) =
0, &,(t0) =0, &5(to) = 0, T (1) =0, (1) =0, and T (tp) = 0 for all
1<r<k.

Therefore, the sufficient condition (6.51) of the verification theorem is finally
satisfied so the extremizing feedback gain (6.55), feedforward gain (6.56) and affine
input (6.57) are optimal

k
Ki(e)=—R"'(e)B" (¢) 3, b7 (e), (6.73)
r=1
k
K (e) = —R"'(e)B" (¢) Y, 75 (¢), (6.74)
r=1
k
vi(e) = —R'(e)B" () X W71 (e), (6.75)

whereby the optimal matrix-valued solutions {7} () }*_,, {245 (-)}*_, and the
optimal vector-valued solutions {Z]}(-)}*_, are solving the backward-in-time

differential equations (6.58)—(6.59), (6.60)—(6.61), and (6.64)—(6.65), respectively.

6.5 Chapter Summary

The emphasis herein is placed on the analytical method for the design of output
constrained feedback controller capable of compensating for stochastic model-
following linear systems with risk-value aware performance index. There are tight
couplings between control and estimation. Therefore, the “separation principle”
does not apply in a general technique for the solution with optimal output feedback.
The risk-averse control is of three-degrees-of-freedom type composed by the
feedback gain, the feedforward and the affine input. In addition, the feedback gain
is independent of the system parameters of reference and command-generating
models.
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Chapter 7
Reliable Control for Stochastic Systems
with Low Sensitivity

Abstract In this chapter, the problem of controlling stochastic linear systems with
quadratic criterion which includes sensitivity variables is investigated. It is proved
that the optimal full state-feedback control law with risk aversion can be realized
by the cascade of mathematical statistics of performance uncertainty and a linear
feedback. A set of nonlinear matrix equations are obtained, which constitutes the
necessary and sufficient conditions that must be satisfied for an optimal solution.

7.1 Introduction

Here, as in the traditional approaches to trajectory and performance index sensitivity
reductions, the main objective has been achieving a trade-off between optimality
in the nominal performance and sensitivity to small parameter variations. In fact,
discussions on open-loop and feedback control for deterministic linear regulators
in [1, 2] centered largely on the inclusion of a quadratic trajectory sensitivity term
in the integrand of the performance index.

Following the order of presentations on parameter sensitivity reduction in
linear regulators for deterministic cases [1, 2], there is an emerging need of
explicit recognition of a unified and systematic description of analysis and decision
problems within a wider class of stochastic systems, described by higher-order
characteristics of performance uncertainty and by controller designs with perfor-
mance risk aversion. If the concept of the so-called statistical optimal control and
its applications to analysis and control synthesis for a class of stochastic systems
subject to linear dynamics, quadratic cost functionals, and additive Wiener noise
processes corrupting the system dynamics and measurements developed in recent
years [3,4] is considered, then an attempt at a uniform theory of statistical optimal
control with low sensitivity including considerations of combined trajectory and
performance index sensitivity reduction is the main aim of the research investigation
herein.

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 107
SpringerBriefs in Optimization, DOI 10.1007/978-1-4614-5079-5_7,
© Khanh D. Pham 2013
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The structure of this chapter is as follows. Section 7.2 contains the control
problem and the notion of admissible control. In addition, the development of all
the mathematical statistics for performance robustness is carefully discussed. The
detailed problem statements and solution method in obtaining the stochastic optimal
control are described in Sects. 7.3 and 7.4. In Sect. 7.5, some conclusions and future
research extension are provided.

7.2 The Problem and Representations for Performance
Robustness

In this section, some classes of control problems with complete information
and trajectory sensitivity considerations shall be investigated. For instance, the
stochastic system being controlled on [f,7¢] is linear and depends on the constant
parameter variable  with the known initial condition x(zy) = xo

dx(r) = (A(t, §)x(t) + B(t, §)u(r))dr + G(r)dw(z), (7.1)

whereby the continuous-time coefficients A € €([to, t¢];R"*"), B€ € ([to,t7]; R"*™)
are the functions of the constant parameter variable {, except G € € ([to, 7]; R"*7).
The process noise w(t) € R” is the p-dimensional stationary Wiener process defined
on some complete probability space (2,.%#,7”) adapted over [fy,7s] with the
correlation of increments for all 71,7, € [to, 7] and W > 0

E{[w(n) —w(n)]w(n) —w(®)]"} =W|1 — Bl

Notice that the state x(r) is considered as the function of the constant parameter
variable £, i.e., x(t) = m(t,x0, {). The traditional approach to sensitivity analysis for
the system trajectory has been to define a sensitivity variable by

AL

o(r) aa—cn(t,xo,C)' (7.2)

¢=G
Further on, the performance appraisal for controlling the system (7.1) is a finite-
horizon integral-quadratic-form (IQF) random cost J : € ([tg,t7]; R™) — R*:
[f
Ju() =+ (1) Qtty) + [ (1Q(0x(7)
0
+u (7)R(7)u(t) + o7 (1)S(1)o(1)]dT (7.3)

wherein the symmetric state and sensitivity weightings Q and S € €([to,#7];R"*")
are positive semidefinite as is the terminal penalty weighting symmetric matrix
Qf € R"™". The control effort weighting symmetric matrix R € € ([to,7]; R"*™)
is positive definite.
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Next, the notion of admissible controls is discussed. In the case of complete
information (e.g., state-feedback measurement), an admissible control is therefore
of the form

”(t) = ’}/(tvx(t))’ te [t()?tf]'

As shown in [3], the search for optimal control solutions to the statistical optimal
control problem is consistently and productively restricted to linear time-varying
feedback laws generated from the state x(7) by

u(t) =K(t)x(t), t€to,ty] (7.4)

with K € € ([to,7]; R™*") an admissible gain whose further defining properties will
be stated shortly.

Then, for an admissible K(-) and the admissible pair (z,xo), it gives a sufficient
condition for the existence of x() in Eq. (7.1). In view of the control law (7.4), the
controlled system (7.1) with the initial condition x(7y) = xo is rewritten as follows:

dx(r) = (A(1, &)+ B(t, K (1))x(t)dt + G(1)dw(). (1.5)

In addition, the variation of the parameter { from the nominal value {, was assumed
to be small, such that the Taylor’s expansion of the state and control functions can
be approximated by retaining only the first two terms. Differentiating the controlled
diffusion process (7.5) with respect to { and evaluating at { = {; give

do(t) = (A¢(t, o) + Be (7, So)K (2))x(1)dt
+ (A(z,80) + B(t,80)K (1)) o(r)ds, o(fp) =0, (7.6)

whereby the parameter-dependent coefficients A¢ = 3—2 - and B¢ = g—’g (=t
=60 =60
Henceforth, for the admissible pair (7y,xp) and control policy (7.4), the aggre-
gation of Egs. (7.5) and (7.6) is described by the controlled stochastic differential
equation

dz(r) = Fy(0)z()dt + G, (1)dw(r), z(to) =20 (7.7)

with the performance measure (7.3) rewritten accordingly
1
J(K(-)) =" (tp)Ng2(ty) + / (TN (7)2(T)dr, (7.8)
JIy

whereby the aggregate state variables z = [xT GT]T and the continuous-time

coefficients are given by

Ry — | AC-O+BEOK(0) 0 } Galr) = {G(r)}
Ag(t,80) + B (1, 80)K (1) Az, Go) +B(1, 60)K (1) | 0 J
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L I L A R ]

In the analysis and design of performance-based uncertain systems, it is important
to investigate a relation concerning two different subjects of knowledge, e.g,.
process information (7.7) and goal information (7.8). In the descriptive approach
herein, the control designer is concerned with performance variations described by
knowledge representation in the form of a complete probabilistic description of the
generalized chi-squared random variable (7.8). The learning process consists here in
step by step knowledge validation and updating. At each step all the mathematical
statistics associated with Eq. (7.8) in the knowledge updating should be determined
before knowledge validation. The results of the successive determination of these
performance-measure statistics associated with Eq. (7.8) are used in the formulation
of the decisions in a learning decision making with performance risk aversion.

Mathematically stated, the knowledge validation and updating about perfor-
mance variations of Eq. (7.8) is concerned with modeling and management of
cost cumulants (also known as semi-invariants) associated with Eq. (7.8) as shown
below.

Theorem 7.2.1 (Cumulant-Generating Function). Let z(-) be a state variable of
the stochastic dynamics concerning sensitivity (7.7) with initial values z(T) = z; and
T € [to,tf]. Further, let the moment-generating function be denoted by

¢ (1,26:0) = p (7,0)exp {21 Y(7,0)z: } (7.9)
v(1,0) =In{p (7,0)}, 0 cRt. (7.10)
Then, the cumulant-generating function has the form of quadratic affine
v (1,20:0) = 2L Y (1,0)z: + v(1,0), (7.11)
where the scalar solution v (t,0) solves the backward-in-time differential equation

%v (1.0) = —Tr {Y(2,0)G, ()WG! (1)}, v (17,6) =0 (7.12)

and the matrix solution Y (t,0) satisfies the backward-in-time differential equation

%r(r,e) — FT(0)Y(1,0) — Y'(1,0)F:(7)

—2Y(1,0)Ga(T)WGL ()Y (7,0) — ON(1), Y(t7,0) = ON;.
(7.13)
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Meanwhile, the solution p(t,0) satisfies the time-backward differential equation

d

3P (1,0) = —p(1,0)Tr{Y(1,0)G, (1) WG (1)}, p(t7,0) =1. (7.14)

Proof. For notional simplicity, it is convenient to have @ (7,z¢;0) = exp{0J (1,2¢)}
in which the performance measure (7.8) is rewritten as the cost-to-go function from
an arbitrary state z; at a running time 7 € [fo, 7], that is,

J(,2¢) = 2" (tp)Npz(ty) + / ! 2L ()N(1)z(r)de (7.15)

subject to
dz(t) = F,(t)z(¢)dt + Gu(t)dw(t), Z2(1) = z1. (7.16)

By definition, the moment-generating function is ¢(7,z7;0) = E{®@ (7,2::0)}.
Thus, the total time derivative of @(7,z¢;0) is obtained as

d
FEd (7,21:0) = —0zEN(T)2: 9 (7,213 6) .

Using the standard Ito’s formula, it follows
do(t1,z:;0) = E{d® (1,2:,0)}

= E{G)'T (Tva;e)dT+ a).Zr (Tva;e)dZT

+%Tr{&7mr (7,22:0)Ga(D)W Gy (1) } df}

= @(7,27;0)dT+ (PZT(T7ZT; Q)Fa(r)ZTdT

1
+§Tr{q)zm (1,21:0)Ga(T)WGL (1) } dt

which under the hypothesis of ¢ (7,z¢;0) = p (7,0)exp{zl Y (7,0)z;} and its
partial derivatives leads to the result

—0zIN(T)2:0(1,21,0) = {— + 72 %T(T, 0)z: +2L[F! (1) Y(7,0)
+7(1,0)F, (1) +2Y(7,0)G, (1) WGL (1) Y'(7,0)]z¢

+Tr{Y(1,0)G.(1)WGL (1)} }(p (7,2¢:0) .



112 7 Perfect State Feedback and Risk-Averse Control

To have constant and quadratic terms being independent of arbitrary z¢, it requires

%Y‘(r, 0) = —FT(1)Y'(1,0) — Y'(,0)Fa(7)

—2Y(1,0)Gu(T)WGE (T)Y (1,0) — ON(7),

d
3P (7:0) = =p (7,0) Tr{Y(7,0)Gu(1)W Gy (1)}

with the terminal-value conditions Y'(t7,0) = ONy and p(t,0) = 1. Finally, the
backward-in-time differential equation satisfied by v (7, 6) is obtained

d%v(r, 0) = —Tr{Y(7,0)G.(T)WGL (1)}, wv(tr,0) =0,

which completes the proof. O

As it turns out that all the higher-order characteristic distributions associated with
performance uncertainty and risk are well captured in the higher-order performance-
measure statistics associated with Eq. (7.8). Subsequently, higher-order statistics
that encapsulate the uncertain nature of Eq. (7.8) can now be generated via a
Maclaurin series expansion of the cumulant-generating function (7.11):

S o) 0
V(50) = 3 Sorv(nme) o (7.17)
0=0
in which all k, = %w(r,zf; 9)’670 are called rth-order performance-measure

statistics. Moreover, the series expaﬁsion coefficients are computed by using the
cumulant-generating function (7.11):

Pl
_ T
- ZT ae(r) T(T5 9)
6=0

9
Zr+ mv(f, 9)
6=0

9
20()

v(T,2;0) (7.18)

0=0

In view of the definition (7.17), the rth-order performance-measure statistic thus
follows

o)
Zr+ mv('ﬁ 0)

6=0

9
20

Y(7,0) . 1< r<oo. (7.19)

0=0

T
K =2;

In this chapter, it will be often convenient to change the notations

» 9Y(1,6)

a2 07v(1,0)
260 -

H(7) 00()

, D,(7)
6=0

(7.20)

6=0
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so that the next procedure that is illustrated in the theorem below provides an
effective and accurate capability for forecasting all the higher-order characteris-
tics associated with performance uncertainty. Therefore, via performance-measure
statistics and adaptive decision making, it is anticipated that future performance
variations will lose the element of surprise due to the inherent property of self-
enforcing and risk-averse control solutions that are readily capable of reshaping the
cumulative probability distribution of closed-loop performance.

Theorem 7.2.2 (Performance-Measure Statistics). Let the linear-quadratic stochas-
tic system be described by Egs. (7.7)~(7.8), in which the pair (A,B) is uniformly
stabilizable. For k € Z fixed, the kth-order performance-measure statistic of the
chi-squared random performance (7.8) is given by

K = 2 Hi(to)z0 + Dy (t0), (7.21)

where the supporting variables {H,(t)}*_, and {D.(t)}*_, evaluated at T = t,
satisfy the differential equations (with the dependence of H,(T) and D,(T) upon

K(7) suppressed)

d

()= —Fl()H (1) — Hi(T)F,(t) —N(1), Hi(t) =Ny, (7.22)
& Hy(2) = ~FT (@)H,(1) ~ Ho(0)Fo(1)
—r1%HY(T)G,I(T)WG£(T)H,X(T), H(ty) =0, (7.23)
s=1"" :
d

d—TD,(r) = —Tr{H,(7)Ga(0)WGL (7))}, D,(ty)=0, 1<r<k. (7.24)
Proof. The expression of performance-measure statistics described in Eq. (7.21)
is readily justified by using result (7.19) and definition (7.20). What remains is
to show that the solutions H,(7) and D,(7) for 1 < r < k indeed satisfy the
dynamical equations (7.22)—(7.24). Notice that these backward-in-time equations
(7.22)—(7.24) satisfied by H,(t) and D,(7) are therefore obtained by successively
taking derivatives with respect to 6 of the supporting equations (7.12)—(7.14) under
the assumption of (A, B) uniformly stabilizable on [f9,f]. O

To anticipate for a well-posed optimization problem, some sufficient conditions for
the existence of solutions to the cumulant-generating equations (7.22)—(7.24) are
now presented.

Theorem 7.2.3 (Existence of Performance-Measure Statistics). Ler (A,B) be
uniformly stabilizable. Then, any given k € N, the backward-in-time matrix-
valued differential equations (7.22)—(7.24) admit unique and bounded solutions

{H, ()}, and {D,(1)}*_, on [1o,1].
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Proof. Under the assumption of stabilizability, there always exists a feedback
control gain such that the continuous-time composite state matrix F,(¢) is uniformly
exponentially stable on [f,f]. In other words, there exist positive constants 1, and
12 such that the pointwise matrix norm of the closed-loop state transition matrix
satisfies the inequality

|@a(t,7)]| <mue ™00, Wizt

According to the results in [6], the state transition matrix, @,(z,fy) associated with
the continuous-time composite state matrix F,(¢) has the sequel properties

d
E(Da(t,to) =F,(t)D,(t,10); D, (to,10) =1

1f
fim || @q(ep.0)[| =0 Tim [ [|dy(17.0)]Pdr < <o.
lf*)w to

If—roo

By the matrix variation of constant formula, the unique solutions to the time-
backward matrix differential equations (7.22)—(7.24) together with the terminal-
value conditions are then written as follows:

Hi (1) = @] (t;,T)N;D(17,7) +/tf DL (1,T)N(t) D, (1, 7)dt,

Hy (1) = / ! oT (t,r)ril %Hx(t)Ga (OWGT (1) Hy—(1) Du(t, 7)1,
T s=1 s

D,(‘L’):/TlfTr{H,(t)Ga(t)WGg(t)}dt, 1<r<k.

As long as the growth rate of the integrals is not faster than the exponentially
decreasing rates of two factors of @,(-,7), it is therefore concluded that there exist
upper bounds on the solutions H,(7) and D,(7) during the finite interval [tg,7/]. O

7.3 Problem Statements with the Maximum Principle

The purpose of this section is to provide the statements of statistical optimal
control with the addition of the necessary and sufficient conditions for optimality
for risk-averse feedback strategies with low sensitivity that are considered in
this investigation. The statistical optimal control of linear stochastic systems with
low sensitivity here is distinguished by the fact that the evolution in time of all
mathematical statistics (7.21) associated with the random performance measure
(7.8) of the generalized chi-squared type is described by means of matrix-and scalar-
valued differential equations (7.22)—(7.24).

For such problems, it is important to have a compact statement raised from sta-
tistical optimal control so as to aid mathematical manipulations. To make this more
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precise, one may think of the k-tuple state variables J#(-) = (4 (), ..., 4(-))
and 2() = (21(-), ..., Z(-)) whose continuously differentiable components 77, €
¢ ([to,1/);R*™ ") and Z, € €' ([to,t7];R) having the representations 7. (-) =
H,(-) and Z,(-) £ D,(-) with the right members satisfying the dynamics (7.22)-
(7.24) are defined on the finite horizon [fo,#¢]. In the remainder of the development,
the bounded Lipschitz continuous mappings are introduced as

T [to.1/] (R2P<2m)k y R2nx2n,
G, [to,tg] x (R*ME 5 R,
where the rules of action are given by
Fi(1,) 2 ~F] (1) (1) - A4 (1)Fa(z) ~ N(1),
F(1,50) & —F! (1) 45() - A1) Fu(7)

_rj%%@(r)@(r)wai (0)A-(1), 2<r<k,

s=1

G (1, ) 2 —Te { A(T)Gu()WWGL (1)}, <1<r<k
The product mappings that follow are necessary for a compact formulation
F1x X [t tg] x (R (RPEME,

gl X X gk : [to,tf] X (R2n><2n)k — Rk,

whereby the corresponding notations .# £ . % x --- x Frand ¥4 £ 4, x --- x ¥ are
employed. Thus, the dynamic equations of motion (7.22)—(7.24) can be rewritten as

%%ﬂ(r) = F(1,7(1)), T (ty) = A5, (7.25)
%@(r) — G, A, D)=, (7.26)

whereby the terminal-value conditions ¢} = (N r,0,... ,0) and 77 = (0,...,0).

Notice that the product system uniquely determines the state matrices ¢ and
2 once the admissible feedback gain K has been being specified. Henceforth, these
state variables will be considered as 57 = J#(-,K) and 2 = 9(+,K). Therefore, the
performance index in statistical optimal control problems is now formulated in K.
For the given terminal data (t7,.%/7, Zy), the classes of admissible feedback gains
are next defined.

Definition 7.3.1 (Admissible Feedback Gains). Let compact subset K C R"™*"
be the set of allowable feedback gain values. For the given k € Z™ and sequence
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t={p >0}, with gy > 0, the set of feedback gains %, y; 7, is assumed
to be the class of € ([to,7¢]; R™*") with values K(-) € K for which solutions to the
dynamic equations (7.25)—(7.26) with the terminal-value conditions J# (1) = ¢
and Z(ty) = Yy exist on 1o, 1] of optimization.

The development that follows is to present the application of uncertain performance
variable to risk-averse decision making for the decision problem of the random
variable (7.8) described by probability distribution of the generalized chi-squared
type. The knowledge of decision making here is dealt by a new concept of risk-
value aware performance index which naturally contains some tradeoffs between
performance values and risks for the subject class of stochastic control problems.

On i, #; 9, the performance index with risk-value considerations in statisti-
cal optimal control is subsequently defined as follows:

Definition 7.3.2 (Risk-Value Aware Performance Index). Fix k € N and the
sequence of scalar coefficients yu = {p, > O}Ir‘zl with ¢y > 0. Then, for the given
20, the risk-value aware performance index

¢O . {tO} ~ (RZnXZn)k ~ Rk — Rt

pertaining to statistical optimal control of the stochastic system with low sensitivity
over [fo,ty] is defined by

o (10,7 (10), 2 (10)) = JISRN| + UK - UK
— _

Value Measure  Risk Measures

k
=3 1, (257 (t0)z0 + Zr(10)] (7.27)
r=1

where additional design of freedom by means of ,’s utilized by the control
designer with risk-averse attitudes is sufficient to meet and exceed different levels of
performance-based reliability requirements, for instance, mean (i.e., the average of
performance measure), variance (i.e., the dispersion of values of performance mea-
sure around its mean), skewness (i.e., the antisymmetry of the probability density
of performance measure), and kurtosis (i.e., the heaviness in the probability density
tails of performance measure), pertaining to closed-loop performance variations and
uncertainties while the supporting solutions {.7( T)}';zl and {Z,(1)}*_, evaluated

at T = 1y satisfy the dynamical equations (7.25)—(7.26).
Next, the optimization statement over [fg, /] is stated.

Definition 7.3.3 (Optimization Problem of Mayer Type). Fix k € Z" and the
sequence of scalar coefficients g = {u, > 0}';:1 with (; > 0. The optimization
problem of statistical optimal control over [fy,?/] is given by

min to, (1), D (1 (7.28)
K(‘)E%_%_%_m¢o(o (10), Z(10))
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subject to the dynamical equations (7.25)—(7.26) for 7 € [to,1/].

Theorem 7.3.1 (Property of Risk-Value Performance Index). Ifthe compact and
convex J; G, Dy IS NONempty, then the performance index (7.27) is strictly convex
inK.

Proof. Indeed, the set of feedback strategies %; 25,9, 1S nonempty, compact, and
convex. What remains is to show that the continuous function ¢y (o, 7 (t0), Z (1))
is strictly convex in K. Such a case is illustrated by aggregating the dynamical
equations (7.22)—(7.23),e.g.,

SA(T) = ~E] (DA®) - A(DE() N (D)

—Zmz

(r—s)!
r=2 slsrs)

———(1)G(T)WGE (1) (1), (7.29)

whereby the aggregate variable A(7) = Y, 1, %(7) and A(ty) = uNy. The
fundamental theorem of calculus and stochastic differential rule applied to the
expression of z/ (7)A(7)z(7) yield the result

E {2 (ty)mNpz(ty) } = 25 A(t0)z0 = E{ ./t:f d [ (1)A(0)z(7)] }

= E{ /[f [dz" ()A(7)z(7) + 27 (1)A(T)dz(T)

fo

After some manipulations, it follows that

E{ () uaNseliy)} Al = [ Te{A(®)Ga(OWG] ()} e

fo
i T d
+E{ [T @EETAD +A@RD + LA@R@E | (130
0
Notice that the solution of Eq. (7.24) is written by an integral form
‘e
(1) = /fTr{%(r)Ga(r)WGg(r)}dr, 1<r<k.
Jiy

In view of the definition of A(+), it is then easy to see that

k 1y
N (1) = / Tr{A(7)Ga(1)WG] (1) } dr.
r=1 1o
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Henceforth, the performance index with risk consequences (7.27) is rewritten as
”
dolt0, 7 (10), D(10)) = 25 A (t0)20 + / Tr {A(2)Ga()WG! (1)} dr.  (7.31)
JIy

Replacing the results (7.29) and (7.31) into Eq. (7.30), it yields

9o(t0, 7 (10), P (t0)) = E {2 (ty)miNpz(ty) } +E{ ./:f 2 (7) [N (7)

N é“g ﬁ%(ﬂ%(r)wi (r)%sm)}z(r)df},
(7.32)
which leads to
$o (10,7 (10), Z(t9)) = Tr { uN¢P(1) } + Tr{ ./[:f (11N (1)
é“{_iis,(f—fs),%(r)ca(r)wcz <r>%s<mp<f)m},
(7.33)

where the positive-definite solution P(-) £ E{z(-)z'(-)} is satisfying the forward-
in-time matrix-valued differential equation

d

(1) =POF (1) + Fi(DP(1) + Gu(T)W G (1), Plto) =205 (7.34)
Notice that within the integrand of Eq. (7.33), N(-) is strictly convex in K while
other factors are positive semi-definite. Thus, the generalized performance index
(7.33), or equivalently risk-value aware performance index (7.27) is strictly convex
in K. ad

7.4 Low Sensitivity Control with Risk Aversion

Opposite to the spirit of the earlier work [3, 4] relative to the traditional approach
of dynamic programming to the optimization problem of Mayer form, the problem
(7.28) of finding extremals may, however, be recast as that of minimizing the fixed-
time optimization problem in Bolza form, that is,

do(to, 2 (t0)) = Tr{ 2 (t0)z024 } + /t / Tr{2 (1)Ga(t)WGL (1) }dt  (7.35)
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subject to

S () = ~F (02 (1) ~ 2 (D)F(1) - mN (D)

-3 P ANG WG 0, (5, (130
i)

wherein 27(7) £ W J4(T) + -+ + W 4(t) and {4 (1)}, are satisfying the
dynamical equations (7.22)—(7.24) with the initial-valued condition 2~ (tf) = U Ny
forall T € [to,1/].

Furthermore, the transformation of problem (7.35) and (7.36) into the framework
required by the matrix minimum principle [5] that makes it possible to apply Pon-
tryagin’s results directly to problems whose state variables are most conveniently
regarded as matrices is complete if further changes of variables are introduced, that
is, ty+t9o—t=rtand X (ty +1y—1t) = . (t). Thus, the aggregate equation (7.36)
with the initial-valued condition . (o) = Ny is rewritten:

%///(I)ZF ()4 (1) + 4 (1) Falt) + 1N 1)

r—1 !

+Zm2

Now the aggregate matrix coefficients F; () and N(z) for t € [to, 1] of the composite
dynamics (7.7) with trajectory sensitivity consideration are next partitioned to
conform with the n-dimensional structure of Eq. (7.1) by means of IOT = [I O] and

1 (1) Ga(t)W Gy (1) 77— (1). (7.37)

r—s)'

IIT = [0 1 ] , whereby I is an n x n identity matrix and
Fo(t) = Io(A(t,8) + B(t, O)K (1)) + T (Ag (1, o) + By (1, Co)K (1)1
+1(A(1, Go) + B, )R] (7.38)
N(t) = I(Q(t) + KT ()R()K ()T + 1;S(2)IT . (7.39)
Assume that f%f,ﬁ #;,7pu 1s nonempty and convex in R™". For all (t,K) €
lto,tf] X i, #7.9:u, the maps h(.#) and q(t,.#(t,K)) having the property of

twice continuously differentiable, as defined from the risk-averse performance
index (7.35)

on(K() = htt () + [ gte. . 0

=Tr{. (1) z0z0}+/ Tr {4 ()Ga(t)WGL (1) } dt (7.40)
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are supposed to have all partial derivatives with respect to .# up to order 2 being
continuous in (.#,K) with appropriate growths.

Moreover, any admissible feedback gain K* € %, 5,9 Minimizing the risk-
value aware performance index (7.40) is referred as an optimal strategies with risk
aversion of the optimization problem (7.28). The corresponding state process . *(+)
is called an optimal state process. Further denote Z(r) by the co state matrix
associated with .# (t) for each 1 € [r9,1/]. The scalar-valued Hamiltonian function
for the optimization problem (7.37) and (7.40) is thus defined by

V(t, M ,K)ETe{ #MGCWVGL} + Tr{ Fl it + . 4F,

k
N+ D Y ——
251 Z,ZN Z,ls!(r )

whereby in view of the expressions (7.38)—(7.39), the matrix variables .#, F,, and
N shall be considered as . (t,K), F,(t,K), and N(t,K), respectively.

Using the matrix minimum principle [5], the set of first-order necessary condi-
tions for K* to be an extremizer is composed of

r—1 |
s ,%Gawqf%s] 9%)}, (7.41)

GO = 55| = E OO+ OF O+ ()
k r—1
3 3 A G OW G )4, (0) (142)
r=2 s=1"" :
and

d Y

7 ==5— = —F ()2 (t) = Z* () ()" (1) = Ga(t)WGg (1) (7:43)

a

whereby the two-point boundary conditions .#*(to) = Ny and &*(t7) = 2oz} .
Moreover, if K* is a local extremum of Eq. (7.41), it implies

V(t, M (t),K)—V(t,4%(),K*(t)) >0 (7.44)
forall K € i, »; 9, and 1t € [to,17]. Thatis,

min VY (t,. 47 (t),K) =V (t,#"(t),K*(t)) =0, Vteln,ts]. (7.45)
Kedy oty apu ‘

Equivalently, it follows that

v
OZW

-2 [BT(t, 01 +BL G, go)zﬂ (1) P (1)l — 2R(OKIT 27 ().

(7.46)
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Furthermore, the second-order sufficient conditions that ensure the Hamiltonian
functional (7.41) achieving its local minimum, require the following Hessian matrix
to be positive definite; in particular,

7 =2 R(t) R IF 2 ()], 7.47
K| WR(t) @1y 7" (t)l, (7.47)
whereby the symbol ® stands for the Kronecker matrix product operator.

By the matrix variation of constants formula [6], the matrix solutions of the
cumulant-generating equations (7.22)—(7.23) and the co-state equation (7.43) can
be rewritten in the integral forms, for each 7 € [r9, /]

(1) = DT (17, T)N; D(17,7) + / ! D(t7,t)N* (1) D(t7,1)dt, (7.48)
7@ = [ @) i S A G OW G (0 (1) D(e.)ar
- (7.49)

7°(1) = @ (17, Y @, 1)+ [ @1 Gl WG () (ay0)1 (7.50)

provided that S ®(t,19) = F; (1) @(t,19) and ®(to,19) = 1I.
Interestingly enough, it can be verified that the following matrix inequalities,
including Ny > 0, N*(¢) > 0, 2oz >0, Go(t)WGL (1) > 0 and

2 i G OW G (07,0) 2 0
hold for all 7 € [r,f].

Therefore, it implies that {J#*(¢)}*_, and thus .Z*(t), as well as 2*(t) with
the integral forms (7.48)—(7.50) are posmve definite on [to,tf]. Subsequently, the
following matrix inequality is shown to be valid

L7 ()l >0, Vi€l (7.51)

In view of Eq. (7.51), it is concluded that the Hessian matrix (7.47) is indeed positive
definite, in addition with the fact of R(r) being positive definite for all # € [tg,1¢]. As
the result, the local extremizer K* formed by the first order necessary condition
(7.46) becomes a local minimizer.

To this end, the result (7.42) is coupled by the forward-in-time and backward-
in-time matrix-valued differential equations. Putting the corresponding state and co
state equations together, the following optimality system with risk aversion and low
sensitivity is summarized as follows:
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Theorem 7.4.1 (Risk-Averse Control with Low Sensitivity). Consider the class
of stochastic linear systems described by Egs. (7.1)—(7.3) wherein the pair (A,B)
is uniformly stablizable. Then, the low-sensitivity feedback strategy u(-) = K(-)x(+)
with risk aversion supported by the optimal feedback gain K*(-) is given by

k

K () = =R 0BT (OIS, 0,77 (0) 2" 1o+ 17— 1)y
r=1
k
B A (6) P 10+t — ORI 2 (t0+ 17— 1)),
r=1

(7.52)

whereby the normalized parametric design of freedom [I, £ % and the optimal

state solutions {J€"(-) I;:l supporting performance robustness and risk-averse
decisions are governed by the forward-in-time matrix-valued differential equations

%%’i* (1) = (EN)T ()7 (1) + 567 ()F, (1) +N* (1), A" (00) =Ny, (1.53)

L (1) = (BT (1) (6) + o (OF 1)

dr
r—1
+ 3 S OGOWGL A1), A (0) =0 (154
s=1°\" 790

and the optimal co state solution 97*(-) satisfies the backward-in-time matrix-
valued differential equation with the terminal-value condition 2*(t) = zoz) :

%3”*(0 = —F ()7 (1) = 2" () (F;)" (1) = Ga(t) WGy (1) (7.55)

The results herein are certainly viewed as the generalization of those obtained
from [3]. With respect to the subject of performance robustness, the previously
developed work has fundamentally focused on the higher-order assessment of
performance variations. Hence, the work therein [3] has not yet addressed the
system trajectory sensitivity with respect to constant parameter variables.

7.5 Chapter Summary

The optimal risk-averse control strategy with low sensitivity has been obtained.
A two-point boundary value problem involving matrix differential equations must
be solved. Moreover, the states {57.(-)*}X_, and co state 27*(-) play an important
role in the determination of feedback strategies with risk aversion. It is important to
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note that the feedback gain K*(-) depends on the mathematical statistics associated
with performance uncertainty, in particular, mean, variance, and skewness. These
statistics serve not only as feedback information for future risk-averse decisions but
also as an influence mechanism for the low-sensitivity controller.

Finally, it is conjectured that an observer or a dynamical compensator could be
used to implement a low-sensitivity control with risk aversion. The corresponding
problem would then be cast into an output feedback form and thus will be the
emerging subject of future research investigation.
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Chapter 8
Output-Feedback Control for Stochastic
Systems with Low Sensitivity

Abstract The chapter treats the problem of controlling stochastic linear systems
with quadratic criteria, including sensitivity variables, when noisy measurements
are available. It is proved that the low sensitivity control strategy with risk aversion
can be realized by the cascade of (1) the conditional mean estimate of the current
state using a Kalman-like estimator and (2) optimally feedback, which is effectively
supported by the mathematical statistics of performance uncertainty as if the
conditional mean state estimate was the true state of the system. In other words, the
certainty equivalence principle still holds for this statistical optimal control problem.

8.1 Introduction

Looking critically at the literature in parameter sensitivity reductions in linear
regulators for the last 40 years, the traditional approach to trajectory and per-
formance index sensitivity reductions seems to be the winner because its main
objective is to achieve a tradeoff between optimality in the nominal performance
and sensitivity to small parameter variations. It is appropriate to recall some of
pioneering results, summarized in [1, 2] as representative examples, that were
published in the early 1960s. In these early works, the importance including of a
quadratic trajectory sensitivity term in the integrand of the performance index was
advocated. Unfortunately, the theory only handles rather simple performance criteria
wherein the conventional measure of performance variations is largely centered
on statistical average or mean and thus, may not be accurate enough to describe
complex behavior of closed-loop performance distributions of today’s real world
problems.

With this perspective in mind, the research investigation herein considers a
linear-quadratic problem class of controlling stochastic linear systems with output
feedback and multi-level performance robustness under the quadratic criteria,
including the system state sensitivity variables with respect to some constant param-
eters. The innovative technical approach as proposed in this research investigation,

K.D. Pham, Linear-Quadratic Controls in Risk-Averse Decision Making, 125
SpringerBriefs in Optimization, DOI 10.1007/978-1-4614-5079-5_8,
© Khanh D. Pham 2013
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to solutions for the analysis and decision problems [3], within which any evaluation
scheme based on just the expected outcome and outcome variance would necessarily
imply indifference between some courses of action, rests upon: (1) acquisition
and utilization of insights about performance uncertainty, regarding whether the
control designers are risk averse or risk prone, and (2) best courses of action to
ensure performance robustness and reliability, provided that the control designers
be subscribed to certain attitudes.

The structure of this chapter is as follows. Section 8.2 addresses the control
problem and the notion of admissible control. In addition, the development of all the
mathematical statistics for performance robustness is also summarized. Sections 8.3
and 8.4 are directed to the attention of problem statements and the solution method
via an adapted dynamic programming. The chapter ends with Sect. 8.5, whereby
some conclusions are further included.

8.2 Linking Performance-Measure Statistics and Risk
Perceptions

In this section, some preliminaries are in order. Some spaces of random variables
and stochastic processes are introduced: Li‘% (Q:R") £ {: Q s R”" such that @
is .;-measurable and E{||@]|*} < e}. In addition, L% ([to,t/];R*) £ {h : [to,17] x
Q — R such that () is F = { .}, >0-adapted and E{ f;/ ||7i(t)||>dr} < oo}

Now, as for the setting, some classes of problems with incomplete information
shall be investigated. Particularly, the stochastic system being controlled on a finite
horizon [ty, 1] is linear and depends on the constant parameter variable { with the
known initial condition x(7y) = xo

dx(t) = (A(t,8)x(r) + B(t, §)u(t))dt + G(r)dw(r) (8.1)
to which, the control design has available measurements
dy(t) = C(¢)x(¢)dt +dv(z). (8.2)

Here x(1) = x(t, @) is the controlled state process valued in R”; u(t) = u(t, ) is the
control process valued in an admissible set U C L% ([to, #/; R™); and y(t) = y(t, ®)
is the measured output of the manipulated process x(7).

In the problem description, as described by Eqgs. (8.1) and (8.2), the system
coefficients A(t,{) = A(t,{,®) : [to,tf] x Q — R"™" and B(t,{) = B(t,{, ) :
[to,1f] x  — R™™ are the continuous-time matrix functions of the time and
constant parameter variables ¢ and (, respectively. The disturbance distribution
coefficient G(t) = G(t,w) : [tp,t7] x 2 — R"*P and the measurement coefficient
C(t) =C(t,m) : [to,1f] x  — R™" are continuous-time matrix functions indepen-
dent of {. The random process and measurement disturbances w(f) = w(t, @) and
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v(t) = v(t, ) are assumed to be the correlated stationary Wiener processes with the
correlations of independent increments for all 7y, 7 € |1, tf]

E{bw(m) —w(m)]bw(r) — w(@)] } = Wit -],
E{(m) —v(m)Iv(m) —v(@)] } =VIn -,

E{w(n) —w(@)v(n) —v(@)]" } =Nn -l

whose a priori second-order statistics W >0, V > 0 and N > 0 are also known.

Notice that the state x(¢) is considered as the function of the constant parameter
variable £, i.e., x(t) = m(t,x0, {). The traditional approach to sensitivity analysis for
the system trajectory has been to define a sensitivity variable by

—ﬂ(l,xO,C)’ . (8.3)

Associated with each feasible u € U is a path-wise finite-horizon integral-quadratic-
form (IQF) performance measure with the generalized chi-squared random distribu-
tion J : U — R, for which the control designer attempts to control the system with
multiple degrees of performance robustness

J(u() =7 () 0gx(ty) + / I (1)0(0)(7)

+u’ (t)R(7)u(t) + o’ (1)S(1)o(7)]dr, (8.4)

whereby the terminal penalty weighting Qy € R™*", the state weighting Q(r) =
Q(r,w) : [to,1f] x Q — R™", the trajectory sensitivity weighting S(r) = S(r, @) :
[to.1f] x  — R™" and control weighting R(r) = R(t,®) : [tg,1f] X Q +— R™™
are continuous-time matrix functions with the properties of symmetry and positive
semidefiniteness. In addition, R(r) is invertible.

Next the notion of admissible controls is discussed. In the case of incomplete
information, an admissible control must be of the form, for some 9(-,-)

u(t) =90(t,y(1)), 7€ to,t]. (8.5)

In general, the conditional probability density p(x(¢)|-%) which is the probability
density of x(¢) conditioned on .%; (i.e., induced by the observation {y(7) : T € [to,]})
represents the sufficient statistics for describing the conditional stochastic effects of
future control action. Under the Gaussian assumption, the conditional probability
density p(x(t)|.%;) is parameterized by its conditional mean %(t) = E{x(¢)|.%}
and covariance X (¢) = E{[x(t) — %(t)][x(t) — &(¢)]" |.%; }. With respect to the linear-
Gaussian conditions, the covariance is independent of control and observation.
Therefore, to look for an optimal control law of the form Eq. (8.5), it is only
required that

”(t) = ’}/(l,)?(t)), re [t()?tf]'
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As shown in [6], the search for optimal control solutions to the statistical optimal
control problem may be consistently and productively restricted to linear time-
varying feedback laws generated from the accessible state £(¢) by

u(t) =K(t)%(r), 1€ [to,ty] (8.6)

with K € C([tp,17];R™*") an admissible gain whose further defining properties will
be stated shortly.

Then, for the admissible feedback gain K(-) and pair (19,xp), it gives a sufficient
condition for the existence of x(¢) in Eq. (8.1). In view of the feedback law (8.6), the
controlled system (8.1) with the initial condition x(y) = x is rewritten as follows

dx(t) = (A(t,§) + B(t, O)K(1))()dr + G(1)dw(r). 8.7)

In addition, the variation of the parameter { from the nominal value {, was assumed
to be small, such that the Taylor’s expansion of the state and control functions can
be approximated by retaining only the first two terms. Differentiating the controlled
process (8.7) with respect to { and evaluating at { = {y gives the initial-value
condition o(7y) = 0 and

do(r) = (Ag(1,8o) + B (1, Lo)K (0)5(0)dt + (A(1, Go) + B(t, So)K ()8 (1)dr, (8:8)

WherebyACé 94 ,Bgé g—g =t andéé 9%

‘o=t o=ty
Notice that the linear-Gaussian assumptions imply that the estimate-state mean
%(r) and estimate-error covariance X (r) are generated by the Kalman-like estimator

with )e(l‘()) = X0
d£(t) = (A(t,8) + B(r,O)K (1)) £(2)de + L(2) (dy(t) — C(¢)%(¢)dr) (8.9)
and the Kalman-filtering gain L(+) is given by

L(t) = [Z()CT (1) + G(t)N]V !, (8.10)

20) =AM OE0) + 20T (1,.0) + GOWET (1)

—Z(0OCT () +GEONWVCH)Z() +NTGT (1)], Z(t) =0. (8.11)
Taking the partial derivative of Eq. (8.9) with respect to { yields

d6 (1) = (Ag(r,80) + By (1, Co)K (1))2(1)de + (A(z, §o) + B(t, Go)K (1)) & (1) dr
+Lg (£)C(1)%(t)dt + L(¢)C(2) 6 (t)dt + L ()dv(t), 6(to) =0  (8.12)



8.2 Linking Performance-Measure Statistics and Risk Perceptions 129

where the estimate errors (1) £ x(¢) — L %% andL = .
(1) 2 x0) ~2(0). 6() 2 |, =%,

Using the definitions for error estimates %(¢) and &(¢ ) 1t is shown that

dx(r) = (A(#,8) — L(t)C(2))%(¢)dt + G(t)dw(r) — L(t)dv(t), X(to)=0 (8.13)

d6 (1) = (Ag(t,8o) — Le (1)C(2))%(t)dt — Lg (1)dv(2)
+(A(t,8) — L(t)C(2))6(r)dt, 6&(19) =0, (8.14)

whereby L () = Z¢ (1)CT (1)V ! and Z; £ % e is satisfying
0

 200) = Ag(t, Q) Z0) + AW, )5 (1) + Ze(0AT (1, Go)

+Z(0)AL(1,6) = Zc()CT (VI C(H) (1) + NG (1)]
—[Z(O)CE)+GONIV'C(1)Ze (1), Z¢(to) =0. (8.15)

To progress towards the analysis of performance reliability, the aggregate dynamics
is, therefore, governed by the controlled stochastic differential equation

dz(t) = Fu(1)z(t)dr + G,(t)dw,(2),  z(t9) = zo0, (8.16)

whereby, for each 1 € [1g,7/], the augmented state variables T = [)ET i 6T &7 } ,

the aggregate process noises w! =

increments defined as

[wl' v | with the correlation of independent

E{[Wa(l'l) —Wa(l'z)][wa(l'l) Wa Tz } W, |‘L'1 T2|,V‘L'1,Tz S [t(),l‘f]

and the augmented system coefficients are given by

Fall Falz Fa13 Fa14 0 L X0
F?' F2 2 R4 G —L 0 W N
F — a a a a G J— — W —
a F3VF2 E3 p34 |0 a 0 Lg » 20 ol " NT v
Fa41 Fa42 Fa43 Fa44 0 — LC 0

provided that ! (t) = A(¢,{) +B(t,§)
F21() F23() F24(): ,Fazz(l)ZA(t
Be(t,50)K (1), F}*(t) = L¢ (1)C
C(t); and F} (1) = F43( 1)

A(t,8o) — L(r)C(¢r) forall r €

S
~
L
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In addition, the performance cost (8.4) is rewritten as follows
-tf
J(K(-)) = 2" (t)Npz(ty) + / 7L (T)N4(1)z(7)dr, (8.17)
JIy

whereby the continuous-time weightings are given by

Q7 Q700 O(t) + K" (1)R()K(1) Q(r) 0 0

| 9r0r00 _ o(t) o) 0 0
Nr= |30 00| M= 0 0 () S(t)
0000 0 0 ) S(1)

Given the lack of analysis of performance risk and stochastic preferences, much of
the discussion that follows will concern the case involving performance riskiness
from the standpoint of higher-order characteristics pertaining to performance
sampling distributions. Notice that the performance measure (8.17) is clearly
a random variable of the generalized chi-squared type. Hence, the degrees of
performance uncertainty of the random cost (8.17) must be assessed by modeling
and management of cost cumulants (also known as semi-invariants) associated with
the random cost (8.17). Precisely stated, these cost cumulants can be generated by
the use of the Maclaurin series expansion of the cumulant-generating function of the
random variab (8.17). The technical merits of this analysis will provide an effective
and accurate capability for forecasting all the higher-order cumulants associated
with performance uncertainty. As expected, via these higher-order performance-
measure statistics, the controller design with performance risk aversion is thus
capable of reshaping the cumulative probability distribution of future closed-loop
performance.

Theorem 8.2.1 (Cumulant-Generating Function). Let z(-) be a state variable of
the stochastic dynamics concerning sensitivity (8.16) with initial values z(T) = z¢
and t € [1y,tf]. Further let the moment-generating function be denoted by

¢ (1,25:0) = p (7,0)exp {21 Y'(1,0)z: }, (8.18)
v(7,0) =In{p(7,0)}, 6 cR". (8.19)

Then, the cumulant-generating function has the form of quadratic affine
v (7,21;0) =21 Y (1,0)z: + v (1,0), (8.20)

where the scalar solution v (T,0) solves the backward-in-time differential equation
with the terminal-value condition v (tf, 6) =0

%v(r,e) = T {Y(1,0)Ga (1) W,GT (1)) 8.21)
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and the matrix solution Y' (7, 0) satisfies the backward-in-time differential equation
with the terminal-value condition Y (t7,0) = ONy

%Y‘(r, 0) = —FT ()Y (,0) — Y'(,0)Fa(7)

—2Y(1,0)G4(T)W,GL (1) (1,0) — ON, (7). (8.22)

Meanwhile, the scalar solution p(t,0) satisfies the backward-in-time differential
equation with the terminal-value condition p (tf, 9) =1

%p (1,0) = —p (1.0) Tr {Y(z,0)Ga (1) W,GT (1)} (8.23)

Proof. Needless to stress the technical developments of the proof herein are well
established in Chap. 7 and Sect. 7.2. a

Subsequently, higher-order statistics associated with the random cost (8.17) can be
utilized to quantify the stochastic nature of performance uncertainty beyond first
and/or second-order statistics for closed-loop performance reliability without full-
blown Monte Carlos performance dispersion analysis that requires a much larger
computational cost. The determination of these mathematical statistics underpinning
complex behavior of the random cost (8.17) is possible because of a Maclaurin series
expansion of the cumulant-generating function (8.20), e.g.,

0 5 9 0 o 8.24

T,20;0) = Y ——y(T,2¢; — )

v (7,2::0) r:Z‘l ErG) v(7,2::0) r! ( )
0=0

in which all x, £ %y/(r,zr, 9)‘6 o are called rth-order performance-measure

statistics. Moreover, the series expansion coefficients are computed by using the
cumulant-generating function (8.20)

9
Zr + mv(’fa 9)

0=0

9

- o)
2000V

=% 960
6=0

(7,24:0) Y(z,0) (8.25)

6=0
In view of the definition (8.24), the rth performance-measure statistic becomes
9

Zr+ WU(T,Q)

; o

K =5 g0

Y(z,6) (8.26)

6=0

for any finite 1 < r < 0. For notational convenience, it is necessary to take a step
further along the way towards following change of notations

a 07 (1,0)
900

a 8(’)0(1,6)

H,(1) 500

; Dy (7)
6=0

(8.27)

6=0
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The emerging problem of statistical optimal control design being formulated then
simply requires a new model concept for performance benefits and risks, which
essentially consists of trade-offs between performance values and risks for reliable
decisions. It therefore underlies a risk aversion notion in performance assessment
and feedback decision design under uncertainty.

Theorem 8.2.2 (Performance-Measure Statistics). Let the linear-quadratic stochas-
tic system be described by Egs. (8.16) and (8.17) in which the pairs (A,B) and (A,C)
are uniformly stabilizable and detectable, respectively. For k € 7" fixed, the kth
cumulant of performance measure (8.17) is

K = 2 Hi(to)z0 + Dy (t0), (8.28)

where the supporting variables {H,(t)}*_, and {D.(t)}*_, evaluated at T = t,

satisfy the differential equations (with the dependence of H,(T) and D,(T) upon
K(7) suppressed)

d%Hl (1) = —FI' (t)H, (1) — H,(7)F,(T) — Nu(7), (8.29)
d
d_THr(T) = _FaT(T)Hr(T) — H(T)F,(7)
5 V(Z—V!)'Hy(r)Ga(r)WaGZ(r)H,s(r), 2<r<k, (830)
=osl(r—y)!
diTD,(r) = —Tr{H,(1)Ga(T)W,GL (1)}, 1<r<k, (8.31)

whereby the terminal-value conditions H\(ty) = Ny, Hy(t;) =0 for 2 < r < k and
D,(tf) =0for1 <r<k.

Proof. The proof follows by parallel development as illustrated in Chap.7 and
Sect.7.2. ad

Theorem 8.2.3 (Effect of Terminal Time on the Monotonicity of Solutions). Fix
k € Z* and denote H,(a,t7) € €' ([to,t¢];R™") by the solutions to Eqs. (8.29)—
(8.30)

d
() = —F, (0)H1(T,17) — H(7,17)Fo(T) = Na(1),  Hi(t5,tr) = Ny,

d%.Hr(Tvtf) = —F] ()H(T,1) = Hy(T,17)Fa(7)

r—1
- 2 HS(Tvtf)Ga(T)WaGg(T)Hr*S(Tvtf)v Hy(tf,tf) =0.
s=1
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Suppose that the system (8.16) is exponentially stable and the terminal-value
condition Ny = 0. Then, the solutions {H,(T,t¢)}*_, and {H,(t,ty + Aty)}*_, of
Eqgs. (8.29)—(8.30) satisfy the inequality

Hy(T,tr + Aty) > Ho(1,17),

for some Aty >0 and to < t© < ty. In other words, the solutions H,(t,t7) are
monotone increasing as ty — oo

Proof. It is easy to verify that the solutions of Eqgs. (8.29)—(8.30) are of the integral
form

iy
Hy(t,17) = ‘I’aT(tfaT)Nf(Da(tfvT)"‘/ @] (7, T)Na(7)@u(7, 7)1,
T
15 r r—1 r
H,(t,1) = / @ (7,7) D Hy(,1)Ga(T)Wa Gy (1) Hy—s(T,17) (T, T)dT
T s=1

in which @, (-, 7) is the state transition matrix of F,(7) and 7 € [to,1/] is fixed.
For any given Aty > 0 and by the assumption of Ny = 0, the solutions are written
as follows:

thrAtf
Hiwy+an) = [T 0l @ oON (D)@ (3,7
T

trt+Aty T r—1
H,(T,7 + Aty) = / ol (1,7) S Hy (1,17 + Aty)
T

s=1
X Ga(T)WoGL (D) H,—s(T,t7 + Aty) @y (1, 7)dT, 2<r<k.
Or, equivalently

tp+Aty

1y
Hy(T,1p+Atf) = / & (7, T)N,(7) y(7, 7)d T+ B (7, T)Nu(7) ®4(7, 7)dT,
T

i

1y r—1
H(Tvtf‘f’Atfai) = / (paT(Ta T) 2 H(TatfvS)Ga(T)WaGZ(T)Hrfs(ratf)(pa(fv T)dT
T s=1

'tf+Atf T r—1
—l—/ @, (1,7) Y, Hy(T,17+ Aty)
7 s=1
X Ga(T)W,Gh (T)Ho—s(T, 1+ At) @y (T, 7)dT, 2<r<k.

By the forms of solutions and the semi-group property of the state transition matrix

O, (7,7) = Du(T,17) Dut7,7),
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we rewrite the solutions with the terminal time ¢ plus increment Azy as follows

Hy(T,t5+ Aty) = Hy (T,17) + @] (17, T)H (t7,t7 + Aty) alty, T),
Hy(t,tp + Atg) = Hy(t,17) + @ (17, T)H, (17,17 + Atp) @u(ty,7), 2<i<k.

Then forming the difference between the matrix solutions yields

HI(T,tf'+Atf') —HI(T,l‘f) = (I)Z(l‘f,T)Hl(l‘f,tf—l—Al‘f)(pa(l‘f,l'),
Hr(T,l‘f—l—Al‘f) —Hr(T,l‘f) = (I)Z(l‘f,T)Hr(tf,l‘f—l-Atf)(Da(l‘f,‘L'), 2<r<k.

Since H, (t7,ty + Aty) and H,(ty,ty + Aty) are positive semidefinite, it follows that

Hy (7,1 +Aty) > Hi(117),
H(t,1p+Aty) > H(T,17), 2<r<k

for any given Aty > 0 and t arbitrary large. Hence, the proof is now completed. O

Even if Ny # 0, the additional term which would have appeared in the matrix
difference, H(7,ty + Aty) — Hy(7,t)

D (ty + Aty TN Pa(ty + Aty,T) = @ (17, DNy Dalty, 7)
can be reexpressed as
D, (t7,7) [@g (1 + Aty )Ny Dalty + Aty ty) — Ny| Palty, 7).
Therefore, it follows that as 7 gets large,
D, (17,7) [@q (17 + Aty 1)NpRa(ty + Aty,tp) = Ny| @ulty, )
is vanished exponentially. Why? Because as ¢ tends to infinity,
D, (17 + Aty tp) — 1,
| @a(t7,7)|] = O,
which then makes
D, (17,7) [@g (17 + Aty )Ny @a(ty + Aty 1) = Ny] @a(ty, T) = 0 exponentially.

Hence, the terminal penalty weighting matrix Ny has no significant role in the
infinite-horizon problem. Without loss of generality, Ny can thus assume zero.

Next, the solutions to the cumulant-generating equations are bounded above
under the assumption of exponential stability.
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Theorem 8.2.4 (Upper Bounds on Matrix Solutions). Let k € Zt and the system
(8.16) be exponentially stable. Then, Egs. (8.29)~(8.30) admit solutions {H,(-)}*_,
whose matrix norms are bounded above, e.g.

|H(7)|| < T, 1<r<k, (8.32)
where the upper bounds I, are given by

I—i :NaMZa

r—1
L= LLGo||Wal[Ma, 2<r<k

s=1

and
— Ly
N2 max [[Na(7)]], lim/ |®a(0,7)|[2do< Ms,
TG[to,lf] tp—reJg
G, = max |[|Gu(7)]|.
T€lto,17]

Proof. For all T € [1,¢], the integral solution form of H;(7) is
H(5) = @] (7, DNy 17,7+ /T 7 T (0, 7)N, (0) ®u(5, 7)do.
It follows that the matrix norm of H; () can be bounded above by
i@l < IVl e, D1+ [ [Nl (0. 7)|Pdo
< INA@uley, DI+, [ 1l 7) P do.

Because the system (8.16) is exponentially stable, one can always find positive
constants such that

f
lim ||@,(0,7)|* do < My,
tf—>°° T

lim ||@,(t7,7)|] < lim cje= 20~ =0
l/*)w : [f*)w

which in turn yields

[|[H1(7)]| < NaMy =15
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For 2 < r < k, the solutions H,(7) can be written as follows
i r r—1 r
H.(1)= / @, (0,7) Z H (0)G,(0)W,G, (0)H,—s(0)D,(0,7)dO
T s=1
from which one can further write

@Z(G,17)riHY(G)G,I(T)WaGg(G)H,,S(G)(Da(o,r)

s=1

do

@< [

1 r—1
< /Tf 1@a(0,7)[1> X, || Hs(0)[]]|H,—s(0)][[|Ga(0)] [ Walldo

s=1
Knowing recursively, for 1 <s<r—1and2 <r <k,

[|Hs(0)]| < I,
[|H,—s(0)|| < T,

one further obtains
r—1 — ty 5
IH(D)] < Y FsFrstaHWaH/ ||@a(0,7)||"do
s=1 T
r—1 —
< 2 LG, | |Wa M.
s=1
Notating I} £ Z:;{ I}E,S62||Wa||M2, it can finally be shown that

HA(D| <L, 2<r<k

which completes the proof. a

8.3 Statements Toward the Optimal Decision Problem

Next, the use of increased insight into the roles played by performance-measure
statistics on the chi-squared random performance measure (8.17) of the statistical
optimal control problem with low sensitivity is the main focus of this section.
To formulate in precise terms the optimization problem under consideration, it is
important to note that all the performance-measure statistics are functions of time-
backward evolutions and do not depend on intermediate interaction values z().
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Henceforth, the time-backward trajectories (8.29)—(8.31) are therefore considered
as the new dynamical equations with the associated state variables H,(7) and D,(7),
not the traditional system states z(7).

For such statistical optimal control problems, the importance of a compact state-
ment is advocated to aid mathematical manipulations. To make this more precise,
one may think of the k-tuple state variables J#(-) = (S (-),...,7(-)) and 2(-) &
(21(-),..., Zk(-)) whose continuously differentiable states 57, € 6! ([to, t¢]; R**4")
and 7, € €' ([to,t7]; R) having the representations 7. (-) £ H,(-) and Z,(-) £ D, (")
with the right members satisfying the dynamics (8.29)—(8.31) are defined on [to,#/].

In the sequel, the bounded and Lipschitz continuous mappings are introduced as

yr . [lo,lf] % (R4n><4n)k — R4n><4n7
9, . [t(),l‘f] X (R4”X4”)k — R,
where the rules of action are given by
F1(1,7) £ —F] (1) (1) = A (0)Fa(T) = No(7),
Fr(1,70) £ ~F] (0)4;(1) — (1) Fa(T)
o 2!

_ 2 m%(r)Ga(r)WaGg(r)%ﬂ(r)j 2<r<k,

s=1

G(1,) 2 T { #(7)Ga(t)W,GL (7)}, 1<r<k
The product mappings that follow are necessary for a compact formulation
Fp XX yk . [lo,lf] % (R4n><4n)k — (R4n><4n)k7

%1 X X gk : [to,tf] X (R4”X4”)k — Rk,

whereby the corresponding notations .# £ . % x --- x Frand ¥ £ G| x --- x ¥ are
used. Thus, the dynamic equations of motion (8.29)—(8.31) can be rewritten as

d%_%”(r) = F(1,7(1)), T (ty) = H5, (8.33)
%@(r) — G, A, D)=, (8.34)

whereby J#; = (Nf,O,... ,0) and 77 = (0,...,0).

Notice that the product system uniquely determines the state matrices 7 and
2 once the admissible feedback gain K being specified. Henceforth, these state
variables will be considered as J#(-) = J(-,K) and 2(-) = Z(-,K).

For the given terminal data (¢7, .77, %y ), the classes of admissible feedback gains
are next defined.
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Definition 8.3.1 (Admissible Feedback Gains). Let compact subset K C R"™*"
be the set of allowable feedback gain values. For the given k € Z* and sequence
t={p >0}, with gy > 0, the set of feedback gains %, ; 7, is assumed
to be the class of € ([to,7¢]; R™*") with values K(-) € K for which solutions to the
dynamic equations (8.33)—(8.34) with the terminal-value conditions J# (1) = ¢
and Z(ty) = Yy exist on the interval of optimization [fo,7y].

At this stage, it is quite reasonable for robust decisions and performance reliability
to focus attention to higher-order performance-measure statistics as the test criteria
for the requirement of performance-based reliability. Therefore, a more realistic
performance index is the one considering both performance risks and values
as concerned in statistical optimal control. Precisely stated, on %f’ Dy the
performance index with risk-value awareness is subsequently defined as follows.

Definition 8.3.2 (Risk-Value Aware Performance Index). Fix k € Z" and the
sequence of scalar coefficients yu = {y, > O}Ir‘zl with ¢y > 0. Then, for the given
20, the risk-value aware performance index

(P() . {IO} % (R4n><4n)k % Rk — R+

pertaining to statistical optimal control of the stochastic system with low sensitivity
over [fo,ty] is defined by

¢o(to, 7 (10), 2 (1)) = Ui K + UKo 4 - UK
— _—

Value Measure Risk Measures

k
= w25 A (to)z0 + Zr(10)), (8.35)
r=1

where additional design freedom by means of u,’s utilized by the control designer
with risk-averse attitudes are sufficient to meet and exceed different levels of
performance-based reliability requirements, for instance, mean (i.e., the average
of performance measure), variance (i.e., the dispersion of values of performance
measure around its mean), skewness (i.e., the anti-symmetry of the probability den-
sity of performance measure), kurtosis (i.e., the heaviness in the probability density
tails of performance measure), pertaining to closed-loop performance variations and
uncertainties while the supporting solutions {.7( ‘L')}Ir‘:1 and {Z,(1)}*_, evaluated
at T = 1y satisfy the dynamical equations (8.33)—(8.34).

Given that the terminal time 7 and states (.7, ), the other end condition involved
the initial time fy and state pair (%), %) are specified by a target set requirement.

Definition 8.3.3 (Target Set). (1, 7%, %) € M , where the target set A is closed
under [g,77] x (R¥>4m)k » RE,

Now, the optimization problem is to minimize the risk-value aware performance
index (8.35) over all admissible feedback gains K = K(-) in %, s, op:p-
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Definition 8.3.4 (Optimization Problem of Mayer Type). Fix k € Z" and the
sequence of scalar coefficients u = {u, > O}Ir‘zl with p; > 0. Then, the optimization
problem of the statistical control over [fg,1/] is given by

min to, 7 (1), 2 (1)), (8.36)
K(.)e')g’f"”?@ﬂu ¢0( 0 ( O) ( O))

subject to the dynamical equations (8.33)—(8.34) on [to, /).

In the case of the optimization problem of Mayer type, it has been further suggested
that an adaptation of the Mayer-form verification theorem of dynamic programming
as depicted in [4] is necessary to obtain an appropriate control solution. To embed
the aforementioned optimization into a larger optimal control problem, the terminal
time and states (t7,. %7, %) are parameterized as (&,%,%2). Thus, the value
function now depends on terminal condition parameterizations.

Definition 8.3.5 (Value Function). Suppose that (¢,%, ) € [tg, 1] x (R¥*41)k x
R¥ is given and fixed. Then, the value function ¥ (g,% , %) is defined by

inf

(VEH oy 2 o (to, 7 (10, K), D (19, K)) .

Ve, 2)E

For convention, ¥ (¢,%, %) £ o> when He o 7y is empty. To avoid cumbersome
notation, the dependence of trajectory solutions on K(-) is suppressed. Next, some
candidates for the value function are constructed with the help of the concept of
reachable set.

Definition 8.3.6 (Reachable Set). Let the reachable set 9 be
92 {(g,@, Z) € [to,17] x (R4 X RE 2 Ay gy oy o} .

Notice that 2 contains a set of points (8,2, %), from which it is possible to reach
the target set M with some trajectory pairs corresponding to a continuous feedback
gain. Furthermore, the value function must satisfy both a partial differential
inequality and an equation at each interior point of the reachable set, at which it
is differentiable.

Theorem 8.3.1 (HJB Equation for Mayer Problem). Let (e,%, %) be any inte-
rior point of the reachable set 2, at which the scalar-valued function V' (e, %, %)
is differentiable. Then, ¥V (e,% , %) satisfies the partial differential inequality

O>i”1/(£,@,.>@f)+

2 52 ¥ (e, %, % )vec(F(e,%,K))

dvec(¥)
d

+W%(8,@,K)Vec(g(8,@)) (837)
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forall K € J and vec(-) the vectorizing operator of enclosed entities.
If there is an optimal feedback gain K* in KX oy 2.y, then the partial differential
equation of dynamic programming

. 9 _
0=min{ 5y ¥ (0.9 2 vec( F (e )
_ 9 9
* ovec(zy (&7 v @ (e, 7)) + Ve 2)} 839)

is satisfied. The minimum in Eq. (8.38) is achieved by the optimal feedback gain
K*(g) at €.

Proof. Interested readers are referred to the mathematical details in [5]. O

The Mayer-form verification theorem in statistical optimal control notations is
stated.

Theorem 8.3.2 (Verification Theorem). Fix k € Z" and let W (e,%,%) be a
continuously differentiable solution of the HIB equation (8.38), which satisfies the
boundary condition

W (1o, 7 (1), D(t0)) = do(to, 7 (10), D(t0)), for some (19,5 (o), 2(ty)) € M .

Let (ty, 73,9y) be a point of 9, let K be a feedback gain in Hip Ay, 70 and
let F(-) and P(-) be the corresponding solutions of Eqs. (8.33)—(8.34). Then,
W (t,7(1),2(7)) is a non-increasing function of t. If K* is a feedback gain in
Ky, 20:u defined on [t 1¢] with the corresponding solutions 7 (-) and 9 (-) of
the preceding equations such that, for T € [ty,1¢],

0= %W(r,ff*(r),@*(r))

+ %T(%W(T,jf*(f), P*(1))vec(F (1,.* (1),K* (1))
d

* Svecr@) ? (B (0,7 (W)vecd (1,7 (1)) (839)

then, K* is an optimal feedback gain, and W (e, % ,%) = V (e, %, %), where
V (e, %, %) is the value function.

Proof. Starting from the detailed analysis in [5], the proof is readily established.
O
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8.4 Risk-Averse Control Solution in the Closed-Loop System

Recall that the optimization problem being considered herein is in Mayer form,
which can be solved by an adaptation of the Mayer-form verification theorem.
Thus, the terminal time and states (17,7}, Zy) are parameterized as (&,%,2) for
a family of optimization problems. For instance, the states (8.33)—(8.34) defined on
the interval [ty, €] now have terminal values denoted by 7 () =% and Z(g) = %,
where & € [rg,tf]. Furthermore, with k € Z* and (¢,%,%) in 9, the following
real-value candidate:

W (e Y, %) _zozu,@Jm@ zo+2ur %+ F(€)) (8.40)

r=1 r=1

for the value function is therefore differentiable. The time derivative of # (e, %", %)
can also be shown of the form

d%%(s,@,ff ) =24 Zm( re@K)er &i(e >>

+Zur( (&, %)+ 4 9( ))

whereby the time-parametric functions &, € ¢! ([to, t/]; R*"**") and .7, € € ([to,1/];
R) are to be determined.
At the boundary condition, it requires that

W (to, 7 (to), P (to)) = do(to, 7 (t0), Z (to))

which in turn leads to

T
0

M»

we(F(t0) + &:(t0))z0 + Z/Jr »(t0) + Z:(10))
1 r=1

Z

r

=

k
Zg 2 Nr%(IO)ZO + 2 ur@r(m)- (8.41)

r=1 r=1

By matching the boundary condition (8.41), it yields that the time parameter
functions &,(f9) =0 and 7, (tp) = 0 for 1 < r < k. Next, it is necessary to verify that
this candidate value function satisfies (8.39) along the corresponding trajectories
produced by the feedback gain K resulting from the minimization in Eq. (8.38). Or
equivalently, one obtains
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20

k k
O_min{z(]; lz .ul“gzr(gagaK)'i_ zurégf(g)

Kek r=1 r=1

d
+z.ur (£,%) +2”r (e )} (8.42)

Now the aggregate matrix coefficients F,(¢) and N, (1) for t € [ty,t¢] of the composite
dynamics (8.16) with trajectory sensitivity consideration are next partitioned to
conform with the n-dimensional structure of Eq. (8.1) by means of

Iy2[ro00], 1f2[or00], b=[0070], K =[0001],
where [ is an n X n identity matrix and

Fa(t) = Io(A(1,8) + B(t, O)K(0))Ig +oL()C(O)I{ +1(A(1,§) — L(t)C(0)I{
+LLe ()COI] + hL(Ag(t,80) + Be (1, 80)K(1)I§ + LL(1)C(t)I5
+L(A(t,§0) + B(t, o)K (1) + (A (t,80) — Le (1)C(0)I]
+L(A(t,8) — L(t)C(e) T, (8.43)

Na(t) = 1o(Q(r) + K" (NR(K(0))I5 + L QOI] +1h Q0I5 +h QNI
+LS()A + LS +LSHE + LS4 . (8.44)

Therefore, the derivative of the expression in Eq. (8.42) with respect to the

admissible feedback gain K yields the necessary conditions for an extremum of
Eq. (8.38) on [tg,1/],

K=—R""(e)[B" (¢,0)I5 + Bt (e,50)1;] Zus% IGl)™ ", (8.45)
s=1
whereby the normalized degrees of freedom i, = % with u; > 0.

With the feedback gain (8.45) replaced in the expression of the bracket (8.42)
and having {%}le evaluated on the solution trajectories (8.33)—(8.34), the time
dependent functions &)(g) and .7;(€) are therefore chosen such that the sufficient
condition (8.39) in the verification theorem is satisfied in the presence of the
arbitrary value of zg, e.g.,

%g‘l(g)zFaT(e)%ﬁ( )+ 4(€)Fa() + Na(e),
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diggr(g) =FEl'(e)#(e) + A (e)F,(¢)

+§ﬁ%<sm<s>wga€ (e) 7€), 2<r<k.

s=1""
%z(s) — T {Ae)Ga(eWLGL(e)}, 1< r<k,
whereby the initial-value conditions &,(fp) = 0 and Z,(t9) =0 for 1 < r < k.
Therefore, the sufficient condition (8.39) of the verification theorem is satisfied so
that the extremizing feedback gain (8.45) becomes optimal.
In short, it has been shown that the optimal stochastic linear system with risk-
averse output feedback and low sensitivity is summarized as follows.

Theorem 8.4.1 (Risk-Averse Output Feedback Control with Low Sensitivity).
Let (A,B) and (A,C) be uniformly stablizable and detectable. Consider u(t) =
K(t)x(t) for all t € [ty,tf], where the state estimates %(t) is governed by the
dynamical observer (8.9). Then, the low sensitivity control strategy with risk
aversion is supported by the output-feedback gain K*(-)

=~

K*(t) = —R'(1)[B" (1,0)I5 + B (t,50)13] Z (o)™, (8.46)

where t =ty + tr — T and the normalized parametric design of freedom [l =
%. The optimal state solutions {*(-)}*_, are supporting the mathematical
statistics for performance robustness and governed by the backward-in-time matrix-
valued differential equations with the terminal-value conditions 7" (t;) = Ny and
A (tr) =0for2 <r<k

Lo (2) = — (BT (0).65° (2) — A (D) (1) — Ni(0), (8.47)

%%ﬁ*(r) = —(FEN) (7)) — A (D)F; ()
=Y T (DGDWGy (1) (1), 2<r<k (848)

while the Kalman-filtering gain L(t) and its partial L (t) with respect to the constant
parameter § are governed by the estimate-error covariance equations (8.11) and
(8.15) on [l‘o,l‘f].



144 8 Noisy Feedback Measurements and Risk-Averse Control
8.5 Chapter Summary

An optimal risk-averse control strategy with low sensitivity and subject to noisy
feedback measurements is investigated. The conditional mean estimates of the
current states are generated by the use of a Kalman filter. The risk-averse gain of
output feedback is obtained by solving the set of backward-in-time matrix differen-
tial equations that are used to compute the mathematical statistics associated with
performance uncertainty, e.g., mean, variance, and skewness. In simple terms, the
present results provide an enhanced theory for stochastic control with performance-
information analysis whereby responsive risk-value aware performance indices
are incorporated for emerging applications. More precisely, major contributions
include: (1) complete characterization and management of value of information
pertaining to mathematical statistics associated with quadratic utilities; (2) a global
analysis approach to an unified framework of measuring risk judgments and model-
ing choices and decisions; and (3) a dynamic programming adapted for determining
solutions. Finally, the results here are certainly viewed as the generalization of the
previous chapter.

References

1. D’Angelo, H., Moe, M.L., Hendricks, T.C.: Trajectory sensitivity of an optimal control systems.
In: Proceedings of the 4th Allerton Conference on Circuit and Systems Theory, pp. 489498
(1966)

2. Kahne, S.J.: Low-sensitivity design of optimal linear control systems. IEEE Trans. Aero.
Electron. Syst. 4(3), 374-379 (1968)

3. Pollatsek, A., Tversky, A.: Theory of risk. J. Math. Psychol. 7, 540-553 (1970)

4. Fleming, W.H., Rishel, R.W.: Deterministic and Stochastic Optimal Control. Springer, New
York (1975)

5. Pham, K.D.: Performance-reliability aided decision making in multiperson quadratic decision
games against jamming and estimation confrontations. In: Giannessi, F. (ed.) J. Optim. Theor.
Appl. 149(3), 559-629 (2011)

6. Pham, K.D.: New risk-averse control paradigm for stochastic two-time-scale systems and
performance robustness. In: Miele, A. (ed.) J. Optim. Theor. Appl. 146(2), 511-537 (2010)



Chapter 9
Epilogue

Abstract On a closing note, the purpose here is to shed some light on two striking
perspectives, e.g., (1) the acquisition and utilization of insights, regarding whether
the control designers are risk averse or risk prone and thus restrictions on the utility
functions implied by these attitudes, to adapt feedback control strategies to meet
austere environments and (2) best courses of action to ensure performance robust-
ness and reliability, provided that the control designers be subscribed to certain
attitudes that all the chapters in this monograph share and contribute defining. In
addition, this research initiative will serve as the first brick in the larger, interwoven
wall of the development and practice of policies, standards, and procedures that
would enable greater efficiency worthiness designed into future controlled systems
as further improvements in reliability occur and hence underline autonomous system
acceptance into system analysis and control synthesis communities.

9.1 The Aspect of Performance-Information Analysis

Given the lack of analysis of performance risk and stochastic preferences, the
research chapters contained in this monograph illustrated well the performance-
information analysis and interpretations of what they mean for performance risk-
iness from the standpoint of higher-order characteristics pertaining to performance
sampling distributions. And, for the reason of measure of effectiveness, much of the
discussion from the monograph has concerned the case involving the behavior of
performance measure. In such situations of stabilization and regulation where the
control designers have risk-averse attitudes toward performance uncertainty, they
are thus interested in a utility function whose property of the utility of the expected
performance of any closed-loop implementation be greater than the expected utility
of that closed-loop execution. Hence, it is quite reasonable to consider the utility
to have the concave shape and functional form, e.g., the logarithm of the cost
characteristic function.
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In this monograph, the framing chapters suggested the question of how to
characterize and influence closed-loop performance information to be answered by
modeling and management of cumulants (also known as semi-invariants). Precisely
stated, these cumulants can be generated by the use of the Maclaurin series
expansion of the concave shape utility function. The technical results provided an
effective and accurate capability for forecasting all the higher-order characteristics
associated with performance uncertainty. Therefore, via higher-order cost cumulants
and adaptive decision making, it is anticipated that future performance variations
will lose the element of surprise due to the inherent property of self-enforcing and
risk-averse control solutions, that are highly capable of reshaping the cumulative
probability distribution of closed-loop system performance.

9.2 The Aspect of Risk-Averse Decision Making

Paradoxically, in much of the optimization, estimation and control work relevant to
onboard automation and autonomy with particular emphases on “correct-by-design”
performance reliability, robust control, and decision making under performance
uncertainty and risk is seldomly addressed beyond the widely used measure of
statistical average or mean to summarize the underlying performance variations.
The emerging problems examined are then simply the new model concepts for
performance benefits and risks, which essentially consist of trade-offs between
performance values and risks for reliable decisions. It therefore underlies a risk-
aversion notion in performance assessment and feedback decision design under
uncertainty.

As repeatedly emphasized throughout this monograph, the controller designers
are no longer content with the averaged performance and thus decide to mitigate
performance riskiness by the use of a new performance index incorporated with
performance values and risks to ensure how much of the inherent or design-in
reliability actually ends up in the developmental and operational phases. Therefore,
it is expected that risk-averse feedback control strategies developed here are able to
foresee and hedge the changes in system performance outcomes that advance hence
the uncertain environment’s mixed random realizations.

9.3 What Will Be?

In conclusion, the statistical optimal control theory of stochastic linear-quadratic
systems contributes to the applications of performance-information analysis and
measures of risk prone and risk aversion in feedback control design. As anticipated,
these foundational results herein will augment self-correcting and risk-averse
attributes to autonomous systems in situations whereby human response time is
insufficient and severe faults happen. It essentially provides control engineers with
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the technical background and design algorithms that facilitate an efficient solution of
stochastic control problems with performance reliability requirements. The chapters
in this monograph offer hope for a growing science and technology. If the control
practitioners and theorists are serious about exploring the quantifications of closed-
loop system performance of what might be, developing a more elaborate science of
the normative, and if they want to know more about what lies beyond what is and
explore what might be, the future is bright.
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